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l. INTRODUCTION

Throughout this paper R will represent an associative ring with center Z(R). For any u, yeR, the
commutator uy-yu is denoted by [u,y] and the anti-commutator u o y is denoted by uy+ yu [1]. A ring R is
said to be n-torsion free if na=0 with aeR then a=0, where 7 is nonzero integer [2]. Recall that a ring R is
said to be prime if aRb=0 implies that either a=0 or b=0 for all a, beR, and it is semiprime if aRa=0 implies
that a=0 for all @ € R [3]. An additive mapping u — u* of R into itself is called an involution if the following
conditions are satisfied (i) (wy)*=y*u” (ii) (u*)*=u for allu,y € R and R is called a =-ring [4]. In [5], Zalar
introduced the term of centralizer (multiplier) and the author proved many results concerning multiplier; an
additive mapping M is called left (resp. right) multiplier if M (uy) = M (w)y (resp.M (uy ) = uM (y)) holds
for allu,y € R, and M is called a multiplier if it is a left and right multiplier. Further, an additive mapping
M:R — R is called a left (resp. right) Jordan multiplier in case that M (u?) = M (w)u (resp. M (u?) =
u M (uw)) holds for u € R [6]. In 1991, Zalar proved that for a 2-torsion free semiprime ring every left (right)
Jordan multiplier is a left (right) multiplier. An additive mapping u — u* satisfying (M (uy)*=M (w)y*
(resp.M (uy)*= u*M (y)) for all u,y € R is called *-multipliers. A left (right) Jordan multiplier is an additive
mapping M:R — R which satisfies M (u?) = M(w)u* (resp. M(u?) = u* M(u))u,y € R. In [7], the
authors were introduced the concept of reverse *-multipliers (centralizer) of *-ring R is an additive
mapping M :R — R which satisfies M (uy)= M (y)v* for all u,y€R. Recently there has been a great deal of
work done by many authors on this topic on prime rings and semiprime rings, see ([8], [9]). In [10] The notion
of a *-multiplier of R was studied. Many authors have proved the commutativity of prime and semiprime rings
admitting multiplier ([11], [12], [13]). This paper is organized as follows. Section 2 is devoted to recalling some
mathematical preliminaries and fundamental facts of reverse *-n-multiplier and reverse Jordan =-n-multiplier.
Section 3 presents the commutativity and some related results in *-ring.

1. PRELIMINARIES
Some definitions and fundamental facts of reverse *-n -multipliers and reverse Jordan #-n -
multiplier. Throughout this paper consider n is a fixed positive integer.

Proposition 2.1 [2]
Let R be a ring, then for all u,y,z € R we have
1- [wyzl=ylu, z]+[u,y]z
2- [uy,z]=uly, z]+[u, zly
3- u e (y2)=(uey)z —ylu zl=y(ue 2)+[u,ylz
4- (uy) e z=u(y o 2) — [u, zly=(u e 2)y+uly, ]

Definition 2.2 [6]
Amap M:RXRX..xR - R is called permuting (or symmetric) if the equation M (uy,usy, ..., u,)
=M (U (1)sUn(2)s- - -sUr (n)) hOIdS, for allu; ER and for every permutation {n(1), n(2),..., n(n)}.

Lemma 2.3 [7]

Let R be a semiprime #-ringand M: R X R X ..XR - Rand a € R be fixed element If a u — u a€ Z(R)
forallu € R then we have a € Z(R).

Now, the concepts of reverse -n-multiplier and reverse Jordan s-n-multiplier can be presented to get our main
results.
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Definition 2.4
An n-additive mapping M: R X R X ... X R — R is said to be left reverse *-n-multiplier if the following
equations hold for all u; y,u,... u,€R:
Ml(ul yluZ,' re !un) = MI (y' u2,' - lun) ul*
MZ(ul UV, e !un) :MZ(ul Ve e lun)uZ*

M, (ug up,. . uyy) = M, (ug uy. . y)u,™

Mis said to be a symmetric left (resp. right) reverse n-multiplier if all the above equations are equivalent to
each other. That s, M (uyyuy. .. uy) =M, ug. .. u)ur*(M
(W y,up,..., uy) =y* M (uy, uy, ..., u,)) forall y,u; u,, ... u,€R.

The following example explains the above definitions:

Example 2.5

0 a b
Consider R :{<0 0 c)la, b,c € (C}, where C is the ring of complex numbers. Clearly, R is a non-

0 0 O
commutative ring under the usual addition and multiplication of matrices. A map M: R X R X ..XR - R is

defined by

0 a by 0 a, b 0 a, b, 0 0 c¢cy...cp 0 a4 b
M ( 0 c1>,<0 0 cz>....,<0 0 c,,L) = (O 0 0 > , for all <0 0 C1> ,
0 0 O 0 0 O 0 0 O 0 0 0 0 0 O

0 a, by 0 a, b,
(0 0 c2>,...,<0 0 cn>
0 0 O 0 0 O
0 a b\" /0 ¢ b
€Rsuchthat| 0 0 c|={0 0 a)
- 0 0 .0 0 0 0 - - - - - - -
Then, M is a symmetric reverse left x-n-multipliersand also it is a reverse right x-n-multiplier.

Now, the concept of symmetric reverse Jordan*-n-multiplier is introduced as the following

o

Definition 2.6

An n-additive symmetric mapping M: R X R X ...X R — R is said to be a symmetric reverse Jordan *- n-
multiplier in case :

M (ug3,uy, .. Uy) =M (ug, Uy, ..., uy) ug * holds for all uy , uy,..., u, € R

The following example explains the notion of be a symmetric reverse Jordan - n- multiplier

Example 2.7
Consider the ring R = {(g g) |u,y € ]R{} where R is the ring of real numbers. Define M': R X R X ... X
R - Rby

(5 0) (0 %) (5 ) =@ M eran (s 5).(5 %) (s ) e

Further, * is defined by (16 g) :(8 2) this means that M is a symmetric reverse Jordan left+ n- multiplier.

I1.  THE MAIN RESULTS
In [7] and [13], many results of symmetric reverse *-multiplier of prime and semiprime ring with
involution are proved. In this paper, these results are studied by using the concept of symmetric reverse *- -
multiplierson R X R X ... X R .
We begin by generalizing the following [14, Theorem 2.1] to use some of the results of this paper:

Theorem 3.1

Let R be a 2-torsion free semiprime ring. If M:R X R X...Xx R - R is a n-additive mapping such that
M(uyu,uy, ..., Uy) =M U, uy, ..., uy)yu for all y,u, u,, ..., u, ER. Then M is a symmetric left n-multiplier on
R.
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Proof:

By assumption,

M(uyw, uy, ..., uy)= MW, uy, ..., u,) YU. .. (D)

Substituting u = u + z in Equation (1), then

M((u+2)y(u+2),uy, .., uy) = MW, uy, ., u)Yu+ MW, uy, ..., u)¥z + M(z,uy, ..., u,)yYu +

M(z,uy, ..., u,)YZ. ...(2)
On the other hand, M ((u+ 2)y(u + 2),uy, ..., u, )=M ((uyu + uyz + zyu + zyz, u,, ..., u, )= M (uyz +
ZYU, Uy, ey Uy )T M (W, Uy, oo, Uy YU M(Z, Uy, ., Uy). .(3)

Combining Equations (2) and (3) we have

M(uyz + zyu, uy, ..., uy) =MW, Uy, ..., U,) YZ+H M (Z,Uy, ..., u,) yuforall z,y,u, u,, ..., u,€R. ... (4)
Let z = u? in Equation (4) to get

M (uyu? + uyu, uy, ..., u,)= M (U, uy, ..., u,)yu?+ M(u?,u,, ..., u,)yu. .. (5)
Now, replacing y by uy+yu in Equation (1) and using it to get

Muuy + ywu, uy, ..., uy)= MW, Uy, ..., uy Juyu+ M(u, uy, ..., u,)yu?... (6)

Now, combining Equations (6) and (5) will get

MW%uy, .., uy)yu — M(u,uy, ..., u, Juyu=0 .. (7

Let A(u) = Mu? uy, ..., uy)—M(u, uy, ..., u, )u, then A(u)yu=0 ... (8)

Replacing y by uz.A(u) in Equation (8) will get

Au)uzA(w)u=0, hence A(u)uRA(uw)u=0 ... (9
Since R is a semiprime then A (w)u=0 ... (10)
Now, let u = u + y in Equation (10) we have

0= Aw)ut A(y)ut AW)y+ A(y)y (1)

Now, we compute A(u +y) =

M@ uy, . uy) = Muy, ., u)u+ M ( y2uy,.ou, ) =M ( yup,.u, )y + M (uy+
YU Uy, e, U )—M(U, Uy, o, U )Y-M(Y, Uy, oo, U UL (12)

Let B(u,y)= M (uy + yu, uy, ..., u, ) —M(w, uy, ..., U, )y- M (y, uy, ..., u, )uThen, we have from Equation (12)
B(u,y)+ A(u)+ A(y), for all u,ye R. From Equation (11) implies that

B(uw,y)utA(u)ut A(y)ut+B(u,y)y + A(u)y+ A(y)y=0

By Equation (10),cA(u)y+ B(u,y)u +A(y)u+B(u,y)y=0. ... (13)
Now, let u = —u in Equation (13) we getA (u)y + B(u,y)u — A(y)u — B(u,y)y = 0. ... (14)
Adding Equations (13) with (14) and using the fact that R is a 2-torsion free semiprime ring we find that
A(u)y+ B(u,y)u=0. ... (1%

Right multiplication of Equation (15) by A(u)to get A (u)yA(u)+ B(u,y)uA(u)=0.... (16)

From Equation (10) we have,uA (u)yueA(u)=0. Then

uA (u) RuA(u)=0. .. (17)

Also, uA(u)=0. ...(18)

From Equation (16) and by using Equation (18) will get

A(u)yA(u)=0 that A (u) RA(u)=0, then A(u)=0and this means

MW?uy, ..., uy)=M(u,u,, ..., u, )u. Therefore, M is a Jordan left n- multiplier and M is a left n-multiplier on
R.

In Theorem 3.1, Substituting y = u, then we obtain the following

Corollary 3.2
Let R be a 2-torsion free semiprime ring f M :RXR X...XxR — R is a n-additive mapping such that
M3 uy, .., uy)= MW, uy, ..., u,)u? forall w,u,, ..., u, ER. Then M is a symmetric left n-multiplier onR.

Lemma 3.3
Let R be a semiprime =*-ring, a € R be a fixed element and M (w,u,...,u,) = au™* +u* a satisfy
Muoy,uy..., up)= MU, uy,..., uy)oy*= u oMy, uy...,u,) forally,u ,u,,...,u,€ R. Thena €Z(R).

Proof:

M(uoy,uy..., uy)= MW, uy...,u, ) oy*= u*oM (y, uy..., uy,). (D

By hypothesis M'(u, u,...,u,) = au* +u* a, one has M'(uoy, u,..., u,)= (@ u * +u * a)y*+y = (a u * +u *
a). ...(2)

Let u = uy + yu in hypothesis relation to get

M(uoy,uy...,u,) = a(uy +yu) * +(uy +yu) *a. ... (3)

Then, by Equations (1) and (2), one has
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ay*ux+uxyxa —u*xay* —y*aux*=0

Hence, (ay * —y * a)u * +u * (y * a — ay *) =0 and this implies that [[a,y *],u *]=0
ApplyingLemma (2.3) will get aeZ(R).

Lemma 3.4
Let R be a semiprimes-ring. Then, every  mappings M of R satisfy M (uoy,u,...,u,) =
M, uy,. .., u,)oy*=u* oM (y,uy...,u,) forally,u ,u,,...,u, € R. Then, M maps Z(R) into Z(R).

Proof:
Suppose that a= M'(c,u,...,u,) forc€Z(R)and u,u,...,u,€R
2M(cu, Uy, .., uy)= M(cu +uc,up...,uy)= M(C, Uy..., u )u *+u * M(c,uy...,u,) =au * +u * a.

Now, M (uy + yu,uy ..., u,)=2M (c(uy + yu),uy...,Uy) = 2M(cu,uy..., uy)y * +y * M(cu,uy..., u,)
= 2M(cy,up...,up)u * +ux M(cy,uz...,u,) = M(cu,uy..., u,)y * +y * M(cu, uy..., uUy)
=M(cy,uy...,uy)u* +u*x M(cy,uz...,u,)

=M (U Uy. . Uy) Y x Yy MU, uy. .., Uy)
= MW,uy...,u)ux+u* My, u,...,u,), forall y,u ,u,,...,u, € R By Lemma (3.3), one gets a €
Z(R).

Theorem 3.5

Let R is a 2-torsion free semiprime *-ring, and M': R X R X ... X R — R is an n-additive mapping which
satisfies M (uoy,uy...,uy) = MW, uy...,u,)oy = u* oMy, u,...,u,) for all y,u ,u,,...,u, €R.
Then, M is a reverse =-n-multiplier of R.

Proof:

Notice thatM(uoy, Uy . ..,un) = M(u, Up.. .,un)oy * U * oM(y, Uy . ..,un)M(uy +yu,u,. ..,un)

EM WUy U)Y * Y * MU Up. ., Uy) = MY U U U * FUu* M (Y, Uy, Uy).

Replacing y = uoy in the last relation, one will have

M, uy,. .., uy)(uy +yu) * + (uy + yu) * M, uy...,u,)

= MW, uy..., uy)y*u*+y* M(u,uy..., u)u*+ u MW, Uy, .., U, )y*tu xy « M(u,uy...,u,)

This implies that M@, uy..., u)u*xy*+y*us MW uy...,u,) = y* MU, Up..., Up)U* + U *
M, uy..., Uy)Y *.

Then, M(u,uy...,uy) 0 (Woy) x= (MU, Uy...,Uy) Oy *¥)U *.

Also, one will get, [ M (w, uy,..., u,), u*]y*=y* [ M (W, uy...,uy,) , u ]

The following is obtained[ M (u, uy...,u,),u *] € Z(R).

Now, one will show that[ M (u,u;...,u,),u*] = 0,and letc € Z( R) one gets 2 M (cu,u;...,u, )= M(cu +
uc,uy..., Uy) = ]V[(c,uzi. ..,un)u * 4 u* ]V[(c, Up. ..,un) =2M(u,uy,...,u,)c *. By using Lemma (3.4),
the result is M (cu,uy...,u,) = MW, uy,...,u,)c *= M(c,u,...,u,)u *. Also, for all c € Z(R), one takes
that

M, uy...,uy), ux*lcx = Muy..., u)u*c*—u*x MUUy..., U, )C* = MU U, U, )CHU*—U*
MWy .., Upy)C *x =M(C, Ug. ., Uy U2 — ux M(C, U, Uy U *

= M(c,up...,u)u*ru*-u*x M(c,uUy...,u)u *= [M(c,uy...,u,),u*xjux for all ¢ € Z(R), also one
gets M(c,uy,...,u,) €Z(R) , then = M(c,up...,up)uxu*x —M(C,Up..., Uy JU * U *
=M (¢, Ug. .., Up)UE — M(C,Uy,..., Uy ) U™

On other hand, one will show that,

2 J\/[(uz,uzy...,un) =M@uu+uw,uy..., u,) = M@uy..., uu*xtux MW,uy...,u,) = 2 ux*
M,y .., uy) =2 M (U, Uy, .., Uy JU *

Theorem 3.6

Assume that R be a 2-torsion free semiprime ring with an identity element, M: R X R X ... X R — R be an n-
additive mapping such that M (u3,uy...,u,) =ux M(u,uy...,u, )Ju* Then, M is a reverse -n-multiplier,
that is M (uy, uz...,u,) = My, uy...,uy) u*=y * M(w,uy...,u,) forally,u ,u,,...,u, €R.

Proof:
Since M (w3, uy..., u,) =ux MW ug..., Uy)U *. . (1)
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Multiply involution both sides to Equation (1) to get the following M (u3,u;...,u,) * = u MW, uy..., u,) *
u forallu ,uy,...,u,€R.

Suppose that F: R X R X ...X R — R, then one has

Fuuy...,uy) = (M(wuy...,u,)) * , and also we get F(ud,uy...,u,) = (M@ uy..., u,)) * = (ux
Muy...,up)ux)*=u (M@, uy...,uy)) *u=u F(u,uy...,uy) u

Now, by using Corollary 3.1 we have F is n -multiplier
Fluy,up...,u,) = uF(w,uy...,u,) = F(w,uy...,u,)u. Then,

(M (uy,uy...,uy)) *= Fuy,up..., upy)=uF(y,uz..., uy )= u (M, uz...,u,)) * for all y, u ,uy,...,u, €

R. (2

Also,

M@y, uy...,uy))* =  Fuyuy...,uy) = Fwuz...,u)y = M@, uy...,u,))*y for al y,
u ,uUp,...,Un€ER. - (3)

Multiply involution both sides to Equations (2) and (3) to get M (uy,u;...,uy) = MY, Up..., Uy )U* =y *
Mu,uy..., uy).

Theorem 3.7
Let R be a semiprime ring, and M: R X R x ... X R — R be additive mapping such that M (w, u,...,u,)y *=
u*x M(y,uy...,u,) forally, u ,u,,...,u, € R.Then, M is areverse left *-n-multiplier of R .

Proof:
Notice that M (w, uy ..., u, )y*=u+M (y,uy...,Uy). ... (1)
Calculating the following equation and by Equation (1), we have
O=Mu+yuy...,up)z* =M, Uy..., Uy )Z*x — MY, Uy...,Uy)Z *
=(u+y)= M(z,uzy...,un)—u * M(z,uz‘...,un) — y* M(z,uz_...,un)

= (Ut y) «—ux =y (M(Z .., up))
sux+y*—u*x—y*x(M(z,uy...,u,))

This implies that (M (u + y,uy...,uy) — MW, uy..., u,) — My, uy,...,u,))z = 0. ... (2)
Now, let z x= z in Equation (2) to get
Mu+yuy...,uy) —M@uy...,uy) — MYy, uy...,u,))z=0forally, u ,u,...,u, € R. ...(3)

Since R is semiprime ring, one obtains that M (u +y,uy...,u,) = MW, uy...,u,) + My, uz...,u,) .
Similarly, one calculates the relation (M (uy,uy...,u,) — MW, uy...,u,)y *)z*, thenM is a reverse left +-n-
multiplier ofR.

Theorem 3.8
Let R be a 2-torsion free semiprime ring, and M: R X R X ...Xx R — R be a Jordan left x-n-multiplier. Then,
M is a reverse left x-n-multiplier, which is M (uy, u;...,u)= My, uy..., uy)ux forally,u ,u,,...,u,€R.

Proof:

Since M (uy, uy ..., u,)= MY, Uy .., Uy JU *. (1)

Substituting y = wu in to Equation (1) and by applying involution the both sides to get the following:

(MW uy..., up)) *= uM (U, uy,...,u,) * forallu ,u,,...,u, €R

Suppose that F: R X R X ... X R =R, F(w,uy...,u,) = (MW, uy,..., u,))*

This implies that F(u?,uy...,u,) = (Mu% uy...,u,)) *

=(M@uy...,uy) u*)*=u (M@, uy,...,u,)) * =u F(w,uy...,u,) . ThusF is a Jordan right n-multiplier

onR.

That is, F(uy, up...,u,) =uM@,uz...,Uy) for all yu ,u;,...,u, ER . So, we have,
M@y, uy...,up) )* = F (uy,up...,Up) =uFy,up...,uy) =u(M@,up...,Uy)) *. - (2)

Also (M (uy,uz...,uy) ) * =u(MQ, up...,uy)) *

When applying involution to both sides of the above relation, thenM (uy,u,...,u,) = MY, up..., U U *
forally,u ,u,,...,u, €R.
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