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Abstract: This article studies the existence of solutions for impulsive fractional Hahn difference equation with 

anti-periodic boundary conditions. The existence of solutions are proved by using Leray-Schauder nonlinear 

alternative, Boyd and Wong fixed point theorem and Rothe fixed point theorem. Illustrative examples are also 

presented to show the applicability of our result. 
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1. Introduction 

In recent years, Hahn fractional calculus had a remarkable development as shown by many authors (see 

[1-9]). In [1], Hahn combined the classical Jackson q-difference operator and forward difference operator to 

construct a Hahn difference operator ,qD , where )1,0(q  and 0  are fixed. The Hahn difference 

operator is defined as follows: 
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It was applied to construct the families of orthogonal polynomial and investigate some approximation 

problems (see [1] and the references therein). We find that  
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In [7], the new notions of right reverse of the Hahn operator has been established and their basic 

properties were obtained. Also, the existence and uniqueness results for initial value problems of first and 

second-order impulsive kkq , -Hahn difference equations were studied.  

Impulsive differential equations with anti-periodic boundary conditions [10] are used to study the 

developmental processes that are subject to sudden changes in their state. Due to its abundant theory [11] and 

applicability in various fields of science and technology, this subject has been highly valued by researchers. It 

provided a natural framework for mathematical modeling of many physical phenomena that occurring in the 

area of mechanics, ecology, medicine, biology, and electrical engineering. 

To the best of the author knowledge, the existence of anti-periodic boundary problems for impulsive 

fractional Hahn difference equations has not been well studied till now. We will fill this gap in the literature. 

The main purpose of this paper is to investigate the existence of solutions of an impulsive fractional Hahn 

difference equation with anti-periodic boundary conditions given by  
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where Ttttt mm  1100  , k

kk q

c

t D


, denotes the Caputo ,kq -fractional derivative of 

order k  on kJ , 21  k , 10  kq , 0 , ],( 1 kkk ttJ , ],0( 10 tJ  , mk ,,2,1  , 

],0[ TJ  , },,,{\ 21 mtttJJ  , ),( RRJCf  , ),(, * RRCkk  , mk ,,2,1  , k

kk qt I


, , 

k

kk qt I


,  denotes the Riemann-Liouville ,kq -fractional integral of orders 0, kk  on kJ , 

1,,2,1  mk  . 

The paper is organized as follows. Section 2 contains the basic definitions and properties of fractional 

,q -calculus, which will be used in the later section. Then, in Section 3 the main results is enunciated. Some 

illustrative examples for the existence and uniqueness results presented in Section 4. 

 

2. Preliminaries 

First of all, we recall some basic concepts of ,q -calculus [8,9]. 

Let )1,0(q , 0 , )1/(0 q , and the q-shifting operator as 
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For },2,1,0{\ R , the q-gamma function is as follows:  
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Let RIf : , Hahn difference operator is defined by  
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and the fractional ,q -derivative of Riemann-Liouville type by 
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The fractional ,q -derivative of Caputo type is 
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where    denotes the smallest integer greater or equal to  . 

 

Definition 2.1Let 0v  and f be a function defined on ],[ ba . Hahn’s fractional integration of 

Riemann-Liouville type is given by )())(( 0
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From [9], we have the following formulas: 
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Definition 2.2 ([12],[13])Let E be a Banach space and let EEA : be a mapping. A is said to be a nonlinear 

contraction if there exists a continuous non-decreasing function 
  RR: such that 0)0(   and 

 )(  for all 0  with the property: 
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Lemma 2.1Let 
R , , Hahn’s fractional integration has the following semi-group property:
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Lemma 2.5 Let ],1( NN  . Then, for some constants 1,2,1,  NiRCi  , the following equality 
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Lemma 2.6Let ),( RJCh . Then the unique solution of  
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which leads to 
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Repeating this process, for JJt k  , 1,,2,1  mk  , we find that 
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By the boundary condition of (1) we obtain  
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Substituting the values 0C  and 
1C  in (6) yields the solution (2). 
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3. Main results 

In the following, our discussion is based on the classic Banach space 
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Our first existence result based on Leray-Schauder nonlinear alternative(Specific content can be found in the 

literature [13]). 
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Theorem 3.1Assume that  

(H1) there exist a continuous non decreasing function ),0(],0[:  , a continuous function
 RJp :

with )(sup* tpp Jt and constants 0, 21 MM  such that RJxtxtpxtf  ),(),()(),(  , 

,)(,)( 2

*

1 xMxxMx kk   ,Rx  

;,,2,1 mk   

(H2) there exist a constant 0l  such that  

,1,1
)(

)1(
3221

1

*

3221 



MM

Np

lMM



 (9) 

where 321 ,,   are defined by (8). Then the problem (1) has at least one solution. 

Proof  The proof is carried out in the following steps: 

Step 1: A  maps bounded sets into bounded sets 
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For any 0 , there exist 0K  such that , for each ),({ RJPCxBx   }
PC

x , we have 

KAx
PC
 .  
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As 
21   , we have 0)()( 12   AxAx . By the Arzelá-Ascoli theorem, we can deduce that A  is 

completely continuous. 

Step 3: (A priori bounds) 

For )1,0( , the equation Axx   has a solution x . Then, as in the first step and (H1), we have  

32211
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By (H3), there exists l such that lx
PC
 . Defined }:),({ lxRJPCxU

PC
 . The operator 

PCUA :  is continuous and completely continuous. From the choice of U , there is no Ux  such 

that Axx   for some )1,0( . As a Consequence of nonlinear alternative of Leray-Schauder type , we 

deduce that A  has a fixed point Ux  which is a solution of (1).   

In the next existence result, we use Boyd and Wong fixed point theorem. 

Lemma 3.1 (Boyd and Wong [12],[13]) Let E  be a Banach space and let EEA :  be a nonlinear 

contraction. Then, A has a unique fixed point in E . 

Theorem 3.1 Assume RRJf : and 
 Rg ]1,0[:  are continuous function satisfying the hypothesis: 

(H3) )1ln()(),(),( 1 yxtgytfxtf   , yxMyx kk  1

3)()(  , 
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Then the fractional boundary value problem (1) has a unique solution on J . 

Proof  Define )1(ln)(   )0(  is a continuous non-decreasing function. 

Clearly, it satisfies 0)0(   and  )( , for all 0 . 
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Then, )())(())(( yxtAytAx
PC

  . So, A  is a nonlinear contraction. It follows from Lemma 3.1 

that the problem (1) has a unique solution.  

Finally, we prove the final result via following fixed point theorem. 

 

Lemma 3.2 ([14],[15])Suppose that EA :  is a completely continuous operator. Suppose that one of the 

following condition is satisfied: 

(i) (Altman) 
222

xAxxAx   for all x , 
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Then 1),,(deg  AI , and hence A  has at least one fixed point in  . 
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Then problem (1) has at least one solution on J . 
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321 )(  , we deduce that xAx  . So, we have xAx  . It follows from Lemma3.2(ii) 

that problem (1) has at least one solution on J . 

 

4. Examples 

In this section, we present three examples to illustrate our results. 

 

Example 4.1 Consider the following boundary value problem for impulsive fractional ,q -difference 

equations: 
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find that 16788579572.03221  MM , Also, there exists a constant l  such that 

8163183.65l  satisfying (9). Thus, by Theorem 3.1, the anti-periodic boundary problem (1) has at least 

one solution. 

 

Example 4.2 Consider the fractional Hahn difference equations with periodic boundary as follows: 
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From the equation above, it clear that )3/()5( 22  kkk , )85/(1 2  kkqk
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 . Consequently, we can get 744295482.43 by computation. Then 

all the conditions of Theorem 3.2 are satisfied. Hence, by Theorem 3.2, we see that the aforementioned problem 

has a unique solution. 

 

Example 4.3 Consider the following impulsive anti-periodic problem of a fractional Hahn difference equation: 
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Thus, by Theorem 3.3, problem (1) has at least one solution on ]2/3,0[ . 
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