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I. Introduction
The Lyapunov inequality and many of its generalizations have proved to be useful tools in oscillation
theory, disconjugacy, eigenvalue problems, and numerous other applications for the theories of differential and

difference equation. The well-known inequality of Lyapunov [1] states that a necessary condition for the

boundary value problem y"+¢q (t ) y=0,y (a) =y (b) =0, to have nontrivial solutions is that

b 4
I |q (l‘)|dt > b— . There are several different proofs of this inequality since the original one by Lyapunov [1].
@ -a

In the last few years independent works appeared generalizing Lyapunov’s inequality for the p- Laplacian, by

using H6 Ider, Jenson or Cauchy-Schwarz inequalities. We refer reader to see references [2-9].

In 1949 Hahn [10] introduced the . -difference operator D

P Hahn’s difference operator. It has

been applied successfully in construction of families of orthogonal polynomials as well as in approximation
problem [11-13]. However, during 68 years, few authors have studied Hahn’s quantum calculus. We refer reader
to the monographs of Aldwoah [14][15], Bangerezako[16] and Artur M. C Brito da cru Z [17].

In this paper, we consider boundary value problem of following quaslinear ¢.@ - difference equation

Dy, (rO]D, 0] (D, ,u(0) )= £ tq + O uttg + | “uttq + O\t (@b, "
u(w,) =u(b) =0,u(t) #0,t € (w,,b).
And
=D, ()| D, u())|"* (D, u(t) = f(tg+ o) (1 + @) [ “ultg+ @) Yig+ o) [t € (@.b).
=D, (5(0) D, W07 (D, W(0) = filtg+ @) Wig + &) | “vig+ o) ftg+ ) [t & (q.b).
u(w,) =u(b) =v(w,) =v(b) =0,u(t) #0,v(t) # 0,t € (w,,b).
)

For the save of convenience, we give the following hypothesis ( /) for (1) and hypothesis and ( H, ) for

(2):
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(H)) I”(l‘) and f(t) are real-valued functions and I’(l‘) >0 forall teR, 1< p,p, <o, satisfy

ﬁ+& 1.

(H)) 1<p,p,<o,a,a,, B, B, >0 satisty &+&:1 and =
b P P P

We recall some concepts for q.@ -difference operator.

w>0 =—

. 1
Throughout this paper, we assume ¢ € (0,1) We introduce the real number @0 - -

and

Let [ be areal interval containing @, . For a function f defined on [ ,Hahn's difference operator D, , f* is

given by

) S@x+ )~ f(x)

(Dq'wf) & (g-Dx+w

x =@, (D,,f)(@)=f(a,),

Definition 11'7). Let a,bel and a<b.For f:I— Rthe ¢.w-integrals is defined by
b b a

|, @, x=[ fd,x [ ),z

[ fyd, b= (x(1-g)-@)) q" f(xq" +ln],),
0 n=0

Provided that the series converges at X = @, X = b.In that case, [ iscalled ¢.o integrable on [a,b]. We

say that fis .0 integrable over [ ifitis q.eintegrable on [a,b]forall a,be .

The ¢.w -difference analogue of Leibnitz rule is given by

D, ,.f(x)g(x)=g(gx+®)D, ,f(x)+ f(x)D, ,&(x). 3)

II. Lyapunov-Type inequalies for ¢.w-Symmetric Difference Equation (1)
In the section, we establish Lyapunov-type inequalies for ¢.® -symmetric difference equation (1).

Denote

o= re)d,, 9",
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n0=([ r " ©)d,, 9",

Theorem 2.1.Suppose that hypothesis ( /7, ) holds. If the boundary value problem (1) has a solution. Then one

has the following inequality

fb S(qt+o)n(qt +w)

§(qt+a))+,7(tqt+w)f (q”‘")dq,thl

where [ () =max{f(t),0}

Proof.By (1) and (3), we have

[ rar+oluar+o)| d,p

[ Dy [F(ODt () (B, (1) ptig + @),
=],
[0

D, W0)| 2D, 0D, 00, o1 = [ D, (0| D, 0] D, u(e) 1

D..0|d
1o(0]'d, (@)

By the boundary condition of (1), we can get

u(o)” = L D, u(s)d, 5" <( L D, u(s)|d,,s)

1 1

=([.r " ()

D, u(s)ld,,s)

<([ ", 9" [ r(s)

Dq'wu(s)“"dq_ws

=], ()

and

Dq‘wu(s)‘pdq'ws

|u(t)|p = ‘—Lb Dq_mu (s)dqms

’ < Uth ‘Dq_wu (S)‘dq_wsT

L

= (J‘tb rlig‘)dq,wsjpl (J-tb r (S) ‘Dq,(uu (S)‘p d,,s )S Utb I’ligl)iws jpl (Lb r (s )pqwu (s )’p d,,s )
=0 ()] r ()P, e (s)] d, 5.

<M “r(s u(s) d s
_f(l)+77(t)-|.wo ( )‘Dq-w ( )‘ d,.

Thus ‘u(t)‘p
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Therefore

vl < E(gt+o)n(qt+ ) bl N
s of « LA L i  d

By (4), we have

J':;]H (fq+a))‘u(tq+a))‘p dqwfgj.b af(‘]t"'a))f7(ql‘+a))

“’0f(qt+w)+77(qt+a>)f+(tq+a))dq-wt'.[wor(s)‘Dq-w”(S)‘ dy oS

J-b g qt+o)n (gt + o)

N b
E(gt+o) +77(‘Jt+a))f (ar+ w)dq~wt'Iwo filgr+o)u(gr+o) d,r

b E(qt+o)n(gt+o) ., b,
SJ.WO §(qt+a))+77(qt+a))f (qu)d”""t'J.wof (qu)‘u(qu)‘p Dyl ©)
Next, we prove that .[b fr (qt + a))‘u(qt+ a))‘p d,t>0. (6)
@

If (6) is not true, then Ib f+ (qt+ a))‘u(qt + a))‘p dq_wl‘ =0. )
@

From (4) and (7), we have

OSIZ ‘ ‘ d, S<I )‘Dq_wu(s)‘pd s

_ f; f(gt+o)u(qt+o)| d, 1< Lo f(qt+o)|u(gt+o) d, t=0.

It follows Dq_wu(q"t + a)) =0,n=0,1,...,, we obtain that u(l‘) =0, for #€(w,,b) which contradicts
the condition (2). Therefore, from (5), we may see that theorem 2.1 holds.

ctn., .
Note that (T) > &1, one has following corollary 2.1.

Corollary 2.1. Suppose that hypothesis ( /1, ) is satisfied. If (1) has a solution u(t ) . Then one has the

following inequality.

[, C@r+om@i+e)’f@i+o)d,, 22

III Lyapunov-type Inequalities for ¢.® -difference system(2)

Denote

L
EO=([ 57,9 i=1.2 ®
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1

b 1-p; E .
nO=( 1" (s)d, 9" "i=12 ©)

Theorem 3.1.  Suppose that hypothesis ( /7, ) is satisfied. If system (2) has a solution (u(t),v(t)). Then
one has the following inequality:

0‘1131/P12 Bey!ppy § fA%! PP szﬂz/Pz2
MM M M55 >1

L E(qt+ o) (qt+ o) ., L
where Ml.j:j 5i( AC )fj(qt+a))dq'wt i, J=1,2

0 8(qt+w)+n,(qt + o)

where f;(t)=max{ﬁ(t),0},for i=12

Proof.Similar to (4), we have

b b
LO 1(s)| D, u(s)|" d, s = j% fi(@s+o) | u(@s+o) [*|vgs+o)|* d, s (10)

b b
[, nOID, M) dys= ] f@s+o) | vas+a)*|u@s+o)* d, s (i
A §1(Z)Ul(t) b A 12
u(t)] s—gl(t)wmjwon(s)|Dq.mu<s)| d,,s (12)

b b
J.wofl(qt+a))|u(qt+a)) \p‘dq‘mtSMH worl(s)|Dq_wu(S) | dq.ws

b
=M, [ fi@s+o)lu@s+o) [ vas+o) [ d, s

b
<M, [ fr@s+o)|u@s+o)"[vgs+ o) d,,s

[£5)

b o b o
<M, (LO fias+o)|ugs+o)" d,, s)" (f fHas+o)|qs+w)|*d,,s)"” (13)

i

j: fHar+o)|uqi+o)" d, 1 <M, (jb £+ o)|u@r+o)" d,, 0"
0 0 (14)

b » &
(| fr@t+o)vat+o)d,, 0"
@
Similar to the proof of (12), from (10) (11), we have

P < gz(t)nz(t) J‘
& (0 +n,(0)

It follows from above form and the H6 Ider inequality that

[v(s)

bo A (s)‘qu(s)‘p2 d,,s

a
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by : S Qtto,(qtto) .
fHqt+o)qt+w)|”d, t< - £, (qt+w)d, t| r(s) “d o
Jf | ’ L’ £,(qt+o)+1,(qt+ o) ’ I P,
by A
<My (], £, @+ o)kt + o) )
A B
<My([) £ @+ k@ ol'd, 0" £ @+ o) part o f'd,, 0"
(15)

b ) , B

[, £ @tro)par+o)d,, <My £ @+ olu@i+o) d,,n"

“ . (16)

<(J| £ @t+o)par+o)”d,, 0"
Similar to (5), we can get
[ frarrop@iro)"d, >0, £ @i+ o)u@r+o)|" d,, >0,
b + P b + P2
[ fr@+olp@i+o)ld, i>0.[ LOMO" d,,>0. (17)
From (14)-(17), we have
“1ﬂ1 By by [2Y8
M M P1P2M P1P2M 22 >1
Corollary3.1.Suppose that hypothesis ( /1, ) are satisfied. If (2) has a solution(u (t ) ,V (t )) . Then
ﬁ]az By

2<([] @i+ Qo) f @+ o)d, 0 J. @+ om@r o) £ @i+ o)d,, 0"

By ﬁ]az
«(J. (E@t+ o1+ o)} f @1+ 0)d, 1 (] @+ O+ 0): @1+ 0)d, (1)

Next, we consider the quasilinear ¢. -symmetric system involving the (£, P,,--+, P, )-Laplacian:

D, O D)= f@r+ o fy@r+ o[ u@i+ o | “u,(qt + @)
-, P2 (D00 = L@+ @@+ 0| fu@ir @ [+ 4, “u,(qt + o)
=D, (1, O|D1, 0] D0, () = £, @t + @] (@1+ @) fus( el “u,(qt+ o)
(18)
with boundary value conditions:
u,(w,) =u,(b) = 0,u,(t) #0,¢ € (w,,b),i =1,2,---,m (19)
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We give the following hypothesis (/).

(H,) r(t)and f(¢) arereal-valued functionsand 7,(#)=0for i=L2,...,m.

m O,
Furthermore, 1< p, <0 and «, >0 satisfy Zizl (—)=1.

i

L
Denote o= r"©d,,s"
@

1

=] ) d, 5"

Theorem 3.2.Suppose that hypothesis (H3) is satisfied. If system (18) has a solution (u1 (t),u2 (2),..

satisfying the boundary condition (19), then one has the following inequality:

a,a_,

1 qr+w)d,, )" =1

&(qr+on(qr +w)
]‘1[1,1 L)oe‘(qr+co)+f7(qr+w)

Proof. By (18) (H3) and (19), we have

=L2,...m

L: nO|Du )" d,, t<q j;ﬁ(qtm)lﬂﬂuk(

It follows from (20) and the H6 lder inequality that

n . &(@On(7) ”
i D u.() d t
o 2) gmm@f%"()‘ w0 d,,
I @ ool dy <, [T 7 @@ of d,, 0"
where
b §(qt+o)n(qt+w)
;= W§(qt+a))+77(qt+a))f (qt+w)d, ,t,i=12,..,m

Similar to the proof of the (17), we get

"d, t>0,0,k=12,.,m

Therefore

(20)

au,, (1))

e2y)

(22)
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l_[l_[(My)E >1 (23)

It follows from (22) and (23) that (21) holds.

Corollary3.2.Suppose that hypothesis (H3) are satisfied, if the system(18)has a solution

(u1 (1), u, (1), U, (1)) satisfies(19), then one has the following inequality:

[1].

(2].

(3]

[4].

[5].
[6].

[7].

[8].

[9].

[10].
[11].

[12].

[13].

[14].

[15].

[16].
[17].

o0
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=1 j=1
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