International Journal of Latest Engineering and Management Research (IJLEMR)
ISSN: 2455-4847
www.ijlemr.com || Volume 02 - Issue 06 || June 2017 || PP. 16-23

Lyapunov-Type Inequalities for the Quasilinear g-Symmetric
Difference Systems

Dou Dou, Jingmei Cui, Yansheng He*
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g-symmetric equation and g-symmetric difference systems.
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I. Introduction
The Lyapunov inequality and many of its generalizations have proved to be useful tools in oscillation
theory, disconjugacy, eigenvalue problems, and numerous other applications for the theories of differential and
difference equation. The well-known inequality of Lyapunov [1] states that a necessary condition for the

boundary value problem y"+q(t)y=0,y(a):y(b)=0, to have nontrivial solutions is that

b 4
I |q(t)|dt > o There are several different proofs of this inequality since the original one by Lyapunov [1].
a -a

In the last few years independent works appeared generalizing Lyapunov’s inequality for the p- Laplacian, by
using H(lder, Jenson or Cauchy-Schwarz inequalities. For the case of a single equation, see for example [2-9].
For system there are a few results, see for [10-11]. On the other hand, the g-calculus and g-symmetric calculus
have proven to be useful in several fields, in particular in quantum mechanics [12]. However, there are very a
few results for g-symmetric difference system [13-14]. In the paper, we consider boundary value problem of the
following quasilinear g-symmetric difference equation.

D, (r(t) D, ut) . (D, u(t))] — O u).te(01),0<q<1 o
u(0) =u(q) =0,u(t) #0,t €(0,q).
And

—D, (UM (D, u®)) = OO uB MO te(01),0<q <1

~D, (5, (1) D, MO * (D, v(t) = OO VO u®* te(0.1,0<g<1 @)
u(0) =u(qg) =v(0) =v(g) =0,u(t) = 0,v(t) #0,t € (0,q).

For the save of convenience, we give the following hypothesis ( H,) and (H ) for (1) and hypothesis ( H) for

(2):
(H,) r(t) and f(t) are real-valued functions and r(t)>0 for all teR, 1<p,p, <o, satisfy
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(H,) 1<p, p, <o, a,, B, 5, >0 satisfy A% 1 ag 22 =1.
P P P P

We recall some concepts for g-symmetric difference operator.

Throughout this paper, we assume ¢ € (0,1) .

0
The g-symmetric derivatives Dq f of a function f is given by

(Sq f j( X)= (?:):qfl()q:x) ,(Sq f j(O) — £7(0), provided f'(0) exists.

The g-symmetric integrals is defined by

[0 1000, x=-q)a q"  (ag™™™),

n=0

jb f(x)ofqx:j:f(x)cix—joaf(x)éq “

The g-symmetric analogue of Leibnitz rule is given by

Sq f(@x)g(x) = g(gx)D, f (ax) + f (x)D,g(x). 3

Il.  Lyapunov-Type inequalies for g-Symmetric Difference Equation (1)
In the section, we establish Lyapunov-type inequalies for g-symmetric difference equation (1).
Denote

0 = ([ ©)d9)"

)= r)d,s>*

Theorem 2.1.Suppose that hypothesis ( H,) holds. If the boundary value problem (1) has a solution. Then one
has the following inequality

EONO) g s g
EQ) -y D

where f*(t) = max{ f (t),0}

Proof. By (1) and (3), we have
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lf LOu®)]° dgt

--['B ( )| Bu (1) (quu(t)))J(t)qut

= |, r(@0)[B, (a0)| " *Bu(anB,u(@nd,t - [, B, (@ r®[Bu®)| " 2Bum) i
= [ r(at)[B, (at)]"d,t

1 (d = z
=q r(s)\Dq(u(s))\qus_
By the boundary condition of (1), we can get

‘u(qt)‘ P :qut f)qu(s)&qs‘ P < (jst‘ﬁqu(s)‘&qs)p
- (J':t re (s)rE(s)‘Iﬁqu(s)‘dqs)p

< (J‘:t e (s)qus)"ll‘lj'oqt r(s) ‘ f)qu(s)‘ Pd,s

=£(@)[ () |Bu(s)|"d,s

and

@) =|-J7B,u(s)dys

S(RENRIVE §

Dqu(s)
=n(qt) I ‘Du ‘ d s.

Thus

u p<Mqrsmusp~s
‘ (qt)‘ _§(qt)+77(qt)-|-0 ()Dq ( ) dq'
Therefore

u p<Mqrs ; usp~s
o) < S e (s e 4,

By (4), we have
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—q 1Lﬂ(qt))f+(t)aqt-'[: L) dgt.

~ og(gt)+n(at

SQI:%F(t)dqtﬁf‘l(t)‘u(t)‘pdqt. (5)

Next, we prove that J.Ol fr (t)‘u (t)‘p d~qt >0. (6)

If (6) is not true, then Jj fr (t)‘u (t)‘p dqt =0 (7)
From (4) and (7), we have

0< E”Oq r(s)

Dou(s) dys=[ F OO de<] O () di=o

It follows f)qu(qz”*lt) =0,n=0,1,...,, we obtain that u(t) =0, for te(0,q) which
contradicts the condition (2). Therefore, from (5), we may see that theorem 2.1 holds.

+
Note that (5777)2 > £n, one has following corollary 2.1.

Corollary 2.1. Suppose that hypothesis (Hl) is satisfied. If (1) has a solution u(t). Then one has the

following inequality.

1
1 Y T —
[ €Om@)? f*®dt=2q"
I Lyapunov-type Inequalities for g-symmotric difference system(2)

Denote

1

E0)=( 5 (6)d,) " i=12

(®)

1

n®=( P e)d,9"i=12

©)
Theorem 3.1.  Suppose that hypothesis (H,) is satisfied. If system (2) has a solution (u(t),v(t)).Then

one has the following inequality:

a1 0F N B! Puby N B! PuPa N @Bl P~ (Bl P+l py)
Mll M12 M21 M22 Zq

e EOn® o
where Mij_-[oé‘i(t)+77i(t)fj Odt i,] 12
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where f"(t) = max { f;(t),0} ,for i =12
Proof.Similar to (4), we have

[Ir©)1Bu() [ ds=af £.6)u() V()" ds (10)

['6)1ByE) 1 ds=a £,(5)|vE) [u(s) I ds (1)

P, S, ()n, (1) a S P g
= (o do B 1D () 17 ds )

[ OO dt <My, [ (9) 1 Bu() I ds
= M} () [UE) V) [ d,s

1 ~
<qM,, [ £, () u(s) | v(s) [ ds

<My ([ KOO 4, 9* ([ £ GV d, 9" )

1 0 1 n Ao o 2
[ £ OO dt<aMy, ([ £ )™ dgs)™ (| L G ME)[™ d, )™ (14)
Similar to the proof of (12), from (10) (11), we have

P2 & O, () o
v(s)|™ < 0 jo r,(s)|D,v(s)

It follows from above form and the Hlder  inequality that

P2
dqs

[ O o <! %f CERINACTVOTREE

<M, ([ 1, OO MOl d,v (15)

1 u A 1 0 b
<My, ([ £, O u®™ d, )™ ([ £, O M| d )"

1 3 1., n A 1, B, U %
[ R MO dgt<aMy, ([ £ @™ d, 0™ ([ £ O M| d )" )

Similar to (5), we can get

[ OPOP dt>0 [ £ O d,t>0

[ ONOP d,t>0 [, OO d,t>0

From (14)-(17), we have
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Corollary3.1.Suppose that hypothesis ( H ) are satisfied. If (2) has a solution (u (t) WV (t)) Then

Ay

(; EORO) 4, w (j (& O7,0): d,0)

potzy ,310‘2

([} (EORO) 4,0 (; (& O 0) d,0)

Next, we consider the quasilinear g-symmetric system involving the (B, P,,---, P, )-Laplacian:

-D, (rl(t)‘unl(t) P2 u, (t)] =2 @y, (t)
-D,(r, (t)‘unz(t) P2 Uy (£)]“ [u, (€)% -+ fu,, (8) | U, (1) 8)
—D, (1, (t)|D,u, (O] (D,u uy (| “u, (1)

with boundary value conditions:

U, (0)=u,(q)=0,u,(t) =0,t €(0,0),i =1,2,---,m. (19)

We give the following hypothesis (H,).

(H,) r(t)and f,(t) are real-valued functionsand r;(t)>0for i=12,...,m

Furthermore, 1< p, <oo and ¢o; >0 satisfy Zml(ﬁ) -1.
1= pl

1

Denote E(t) = (j ”"(s)d 5)Pt

1

nO=("r 69" (20)

Theorem 3.2.Suppose that hypothesis (H,) is satisfied. If system (18) has a solution (U, (t), U, (t),...u . (t))

satisfying the boundary condition (19), then one has the following inequality:

0{

5(2’)7],(2') f d P.pj
]:HJ_!(I%Z( )+, (2) AT = (21)
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m m .o
J

_ZZ('_

it 1 PiP;

)

where A =

Proofby (18) (H,) and (19), we have

q Pi n 1 m oy o .
[T ®pu®]" dyt<af f O] [|u © dyti=12,..,m
k=1

It follows from (20) and the HOIder inequality that

& (@) (z)

£(0)+ 1 (2) [ DU ®)]" d,t

u®)|” <q

1 + P2 | o 1 + P ; %t
[RAGING) dqtqui,-ljl(jo @O Ju " dg 1)

where

M, = [2O2O g 1i-12,..,m
0 él (t) +77i (t) (22)

Similar to the proof of the (17), we get

[ OO dt>0ik=12..m

Therefore

m m %
[Tl ]am;) " =1
i=1 j=1 (23)
It follows from (22) and (23) that (21) holds.

Corollary 3.2.Suppose that hypothesis (H3) are satisfied, if the system(18)has a solution

(u (t),u, (t),...u_ (t)) satisfies(19), then one has the following inequality:

2%

ﬁﬁqol (EORW)? T, O™ 229"

i=1 j=1
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