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Abstract:We prove a Lyapunov-type inequality for a nonlinear difference equationwith Laplacian 

operator where  is an odd increasing function which is sub-multiplicative on [0, ) and 

1( )
( )

s
s

  is a convex function for 0.s   
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1. Introduction 

It is a classical topic for us to study Lyapunov-typeinequalities which have proved to be very useful in 

oscillation theory, disconjugacy, eigenvalue problems and numerous other applications in the theory of 

differential and difference equations. In recent years, there are many literatures with extended the 

classicalLyapunov-type inequalities for differential and difference systems. Here, we only mention some 

references 

[1-8]. 

This paper is devoted to establishing Lyapunov-type inequalities for the problem 

( )p

( ( )) ( ) ( ( )) 0, ( , ),

( ) ( ) 0.

u t r t f u t t a b

u a u b

     


 

Z
 

where , , 2,a b b a  Z ( )s is an odd continuous function which is sub-multiplicative for 0,s  the 

( )r t is positive on [ , ]a bZ , the nonlinearity :f R R is an odd continuous function which satisfies a 

sign condition, and the real number  is a positive parameter. 

We say that u is a solution of ( )p  if u  is defined on [ , ]a bZ , ( )s  is absolutely continuous 

and u  satisfies the equation in ( )p . We will consider the following three assumptions on , f and .r  

1(H ) The function ( )f C R  is odd and satisfies ( ) 0sf s  for 0.s   

2(H )  The weight :r [ , ] (0, ).a b  Z
 

3(H )  The function  is odd, increasing, and sub-multiplicative on [0, ). (See the definition below) 
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and 1( )
( )

s
s

   is a convex function for 0.s   

The following definition is basic to our approach. 

Definition1.1. Let J be an internalin :[0, )R such that . J J J  A function :g J R is said to 

be sub-multiplicative on J  if the inequality ( ) ( ) ( )g xy g x g y  holds for all , .x yJ  

2. A Lyapunov-type inequality 

The main result of the present paper is the following, which generalizes the Lyapunov inequality in 

the setting of sub-multiplicative functions. 

Theorem 2.1. Suppose that conditions 1(H ) — 3(H )  above are satisfied. If ( )u t is a nontrivial solution 

of problem ( )p satisfying ( ) 0.u t   for , ),t a bZ(  then the following inequality holds:  

1

1

2 ( ( ))
( ) .

( ( ))
( )

2

b

t a

f u t
r t

b a u t






 


   

Proof.  Since u is a nontrivial solution of ( ),p  it follows that | ( ) |u t attains its maximum on 

, ),a bZ(  i.e. there is a , )c a bZ( such that 
[ , ]

| ( ) | max | ( ) | .
t a b

u c u t



Z

 

Since 1( )
( )

s
s

   is a convex function on (0, ),  we have that for each two positive 

numbers A and B. ( (1 ) ) ( ) (1 ) ( ).tA t B t A t B        for 0 1.t   

In the last inequality, set 
1

,
2

t A c a   and .B b c  By using the fact that ( )s is increasing 

and sub-multiplicative for 0,s  we obtain 

2 1 1 1 ( ( )) ( ( ))
[ ]

( ) ( ) ( ( )) ( ) ( )
( )

2

( ) ( )
(( ) ) (( ) )

1 1 ( ) ( )( ) ( )
[ ] [ ( ) ( )]

( ( )) ( ) ( ) ( ( ))

1 ( ) ( ) ( ) ( ) 1
[ ( ) ( )]

( ( )) ( (

u c u c

b a c a b c u c c a b c

u c u c
c a b c

u c u cc a b c

u c c a b c u c c a b c

u c u a u c u b

u c c a b c u

 

    

 

 
   

 
 

   
    

 
 

   
   

 
  

 

1 1

( ) ( ) (b) (c)
[ ( ) ( )]

))

( ) ( )
1

[ ( ) ( )]
( ( ))

c b

a c

u c u a u u

c c a b c

u u

u c c a b c

 

 

 

 


 

 

 


 

 

 
 

 
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Denote 1 2
[ , 1][ , 1]

( ) max ( ), ( ) min ( )
t c bt a c

u u u u   
  

     
ZZ

 

Then 

1 2

2 1
[ ( ( )) ( ( ))]

( ( ))
( )

2

u u
b a u c

   


   


 

2 2

1 1

2

1

1 11

1 1

1

1 1
[ ( ( )) ( ( ))] [ ( ( ))]

( ( )) ( ( ))

( ) ( ( ))
[ ( ) ( ( ))] .

( ( )) ( ( ))

c

c

b

t a

u u u
u c u c

r t f u t
r t f u t

u c u t

 

    



 

     
 




 

 

  

 

  

          

 

  

 
 

Remark2.1.Let )(tu be a positive solution of problem ( )p and
[ , ]

( ) || || max | ( ) | .
t a b

u c u u t


   From the 

proof oftheorem 2.1 we deduce the inequality 

1

1

( )
2(|| || ) ( ) ( ( )).

2

b

t a

b a

u r t f u t


 





 



   

Corollary 2.2. let 
2

1 2, : [ , ] (0, ), ( ) | |mmf f a b t t t   Ζ  for 1.m   Let us assume that there 

exists a positive solution of the system 

( )pqs

2

1

2

2

( ( )) ( ) | ( ) | ( ) | ( ) | .

( ( )) ( ) | ( ) | | ( ) | ( ).

p

q

u t f t u t u t t

v t f t u t v t v t

 

 

 







  

  

 

on ( , )a bΖ ,with Dirichlet boundary conditions.Then 

1 1

1 2

1 1

2
( ( )) ( ( )) .

( )

b b
p q

t a t ap q

f t f t

b a

  

 

  


    





   

where the positive parameters  ,  satisfy 1
qp


 and p  denotes theexponent 

conjugateto p ,i.e. 
1 1

1
p p
 


. 

Proof. Let ),( vu be a positive solution of ( ).pqs Supposing that 1( ) ( )( ( )) ,r t f t v t  ( ) ( )pt t  and 

sssf 2||)(  
 in problem ( )p  with 1 ,we get by theorem 2.1 














1

1

1

21

1

1 ))(())()((
))((

)(|)(|
))()(()

2
(2

b

at

p

p

b

at

p tutvtf
tu

tutu
tvtf

ab







 )1.2(  
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Similarly, setting ( ) ( ),qt t  2( ) ( )( ( ))r t f t u t  and sssf 2||)(  
,we obtain the inequality 









1

1

2 ))(())()(()
2

(2
b

at

q

q tvtutf
ab

 )2.2(  

Denote )()(max),()(max
),(),(

evtvdutu
batbat




, 

then by )1.2(  and )2.2( , we have 

1

1

1

2
(2 ( )) ( ( )) ( ( ) ( ) ) .

b
pp p p

p

t a

f t v e u d
b a

  

 




 




 )3.2(  

1

2

1

2
(2 ( )) ( ( )) (( ( )) ( ) ) .

b
qq q q

q

t a

f t v e u d
b a

  

 




 




 )4.2(  

since  
2 2

[ ( ) ( )] [ ( ) ( )] ( ) ( ) ( ) ( ) 1.p qp q p p q qv e u d v e u d v e u d v e u d

     
 

   
 

     

1 1( 1) ( 1)

1 2

1 1

2 2
2 ( ) 2 ( ) ( ( )) ( ( )) .

2

b bp q
p p q q p q

t a t a

f t f t
b a b

       

   


 

   

i.e. 
1 1

1 1

1 2

1 1

2
( ( )) ( ( )) .

( )

b b
p q

t a t ap q

f t f t

b a

  

 

  


   





   

3. The number of zeros. 

In this section we denote by ku  the restriction of u to a nodal domain kI  of u ,e.g. To a 

component of ( , ) \ ( ),a b uΖ Ζ where ( ) { ( , ); ( ) 0}.u t a b u t  Ζ Ζ we obtain bounds for the number 

of zeros ofnontrivial solution of problem ( )p  with 1 . 

Corollary3.1.Let )(tr  be a positive function on [ , ].a bΖ Let 0)( tu  be a nonnegative solution of 

problem 1( )p . Suppose that u  has N  zeros on [ , ]a bΖ  with 2N . Moreover, suppose that ku  is 

a solution of problem 1( )p  on kI . 

Then 

1 111 1
1 2

1 1 1

( ( ))1
{ [ ( )] ( ) } 1.

2 2 ( ( ))

k

k

tN N
k k k

k k t t k

t t f u t
N r t

u t




  


   


     
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where bttta N  21  are the N  zeros of u  on [ , ]a b  and 1( , )k k kI t t   . 

Proof.Applying Theorem 2.1 in each interval kI ,we have 

1 1

1 1

( ( ))2
( ) .

( ( ))
( )

2

k

k

t

k

k k t t k

f u t
r t

t t u t


 

  


  )1.3(  

for 1,,2,1  Nk  . Since the harmonic mean of 1N  positive numbers is majorized by their 

arithmetic mean,we have 

1 1
1 1

11 1

1 1 1
[ ] ( ).

1 1 2
( )

2

N N
k k

k kk k

t t

t tN N




 
 

 




 
   

Thus adding )1.3(  form 1k to 1N  we obtain 

1 12 1

1
1 11

1

( ( ))2( 1)
( ) ,

( ( ))
( )

2

k

k

tN
k

N
k t tk k k

k

f u tN
r t

t t u t


 


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





 


 

and hence the result. 

 

References 

[1]. R.P. Agarwal, C.-F.Lee, C.-C.Yeh, C.-H.Hong, Lyspunov and Wirtingerinequalities, Appl. Math. Lett. 

17(2004)847-853. 

[2]. D. Cakmak, Lyapunov-type integral inequalities for certain higher order differential equations, 

Appl.Math.Comput.216(2010)368-373. 

[3]. A. Canada, J.A. Montero, S.Villegars, Lyapunov inequalities for partial differential equations, 

J.Funct.Anal.237(2006)176-193. 

[4]. X.Yang,K.Lo,Lyapunov-type inequality for a class of even-order differential equations, 

Appl.Math.Comput.215(2010)3884-3790. 

[5]. D.Cakmak, A.Tiryaki, Lyapunov-type inequality for a class of Dirichlet quasilinear systems involving 

the ),,,( 21 nppp  -Laplacian,J.Math.Anal.Appl.369(2010)76-81. 

[6]. X.Yang,On inequalities of Lyapunov type,Appl.Math.Comput. 134(2003)293-300. 

[7]. I.Sim,Y.-H.Lee,Lyapunov inequalities for one-dimensional p-Laplacian problema with a singular 

weight function,J.Inequal.Appl.2010(2010). 

[8]. Xianfei He,Qiming zhang,A discrete analogue of Lyapunov-type inequalies for nonlinear difference 

system,Comput.Math.Appl.62(2011)677-684. 


