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I. INTRODUCTION 

Differential equation of fractional order boundary value problems has been studied by many 

researchers in the past few decades and several results are covered from theoretical development to applications 

of the subject which can be found in the publications, for instance, see[1-3] and the references therein. The 

theory of derivatives and integrals of any arbitrary real or complex order has importance in diverse areas of 

mathematical physics and engineering sciences. The advantage of fractional calculus become apparent in 

modelling mechanical and electrical properties of real materials as well as in the description of properties of 

gases, liquids and in rocks. (see[5,6]). One of the reasons for popularity of the subject is the hereditary property 

of fractional order operators that has let to several developments such as sliding more controls of fractional 

order chaotic systems[7,8]. We emphasize that the problem involves the study of fractional order system which 

includes nonlocal and integral boundary conditions, where the systems are useful in describing physical and 

chemical process inside various domain which are not possible in initial and boundary value problems. 

S.K.Ntouyas et.al, studied the existence of solutions for fractional differential inclusions with sum and 

integral boundary conditions. T.Jankowski have investigated elaborately about boundary problems for fractional 

differential equations. Recently, A.Cabada et.al, proposednonlinear fractional differential equations with integral 

boundary value conditions. Also, Y.Sun et.al, studied positive solutions for a class of fractional differential 

equations with integral boundary conditions. Moreover, J.Deng et.al, analyzed the existence of solutions of 

initial value problems for nonlinear fractional differential equations. Finally, B.Ahmad et.al, imposedthe 

existence of solutions for nonlinear fractional q-difference integral equations with two fractional orders and 

nonlocal four-point boundary conditions 

Motivated from the above work, this paper is concerned with the existence and uniqueness results for 

the boundary value problem with Lioville-Caputo fractional differential equation using boundary conditions 

given by 

𝐷𝛿𝑐 𝑣 𝑥 = ℎ 𝑥, 𝑣 𝑥  ,          𝑥 ∈  0,1 ,     2 < 𝛿 ≤ 3,                     (1)  

𝑣 0 |𝑥=0 = 𝜑 𝑣 ,     𝑣′ (0)|𝑥=0 = 𝜁  𝑣′  𝜏 
𝜇1

𝜆1

𝑑𝜏,                                        

𝑣(1)|𝑥=0 = 𝜈  𝑣(𝜏)
𝜇2

𝜆2

𝑑𝜏                                                                          (2) 

 

where 𝐷𝛿 is the Caputo fractional derivative, ℎ ∶  0,1 × ℝ2 → ℝ  and 𝜑 ∶ 𝐶  0,1 ,ℝ → ℝ  are 

continuous functions, provided0 < λ1 < μ1 < λ2 < μ2 <  1, 𝜈, 𝜁  are positive real constants. 

The above problem states that the first condition of the value of unknown function at the left terminal(x=0) 

becomes nonlocal function. The second condition connects the value of the first derivative of the unknown 

function at the left terminal(x=0) and the first strip occupying the interval  𝜆1, 𝜇1 , whereas the third condition 

connects the value of the unknown function at the right terminal, x=1 and the second strip occupying the interval 
 𝜆2, 𝜇2 . 

 

The organisation of this paper has some definitions from fractional calculus with auxiliary lemmas. 

Existence results for Lioville-Caputo fractional differential equations with nonlocal integral boundary conditions 



International Journal of Latest Engineering and Management Research (IJLEMR) 
ISSN: 2455-4847 
www.ijlemr.com || Volume 02 - Issue 10 || October 2017 || PP. 01-06 

www.ijlemr.com                                                         2 | Page 

are obtained by Banach and Krasnoselskii's Fixed point theorem. The paper concludes with illustrative and valid 

example. 

 

II. PRELIMINARIES 
Definition 2.1For a continuous function ℎ ∶  𝑎, ∞ → ℝ, the Riemann-Lioville fractional integral of order 𝛼 is 

defined as 

𝐼𝑅𝐿 𝛼ℎ 𝑥 =
1

Γ(𝛼)
  𝑥 − 𝜎 𝛼−1ℎ 𝜎 𝑑𝜎

𝑥

𝑎

,          𝑥 > 0,     𝛼 > 0, 

provided the integral is pointwise on  𝑎, ∞ . 
 

Definition 2.2The Riemann-Lioville fractional derivative of order 𝛼 for a continuous function ℎ 𝑥 is defined by  

𝐷𝑅𝐿 𝛼ℎ 𝑥 =
1

Γ 𝑛 − 𝛼 
 

𝑑

𝑑𝑥
 

𝑛

  𝑥 − 𝜎 𝑛−𝛼−1ℎ 𝜎 𝑑𝜎
𝑥

𝑎

,         𝛼 > 0,     𝑛 − 1 < 𝛼 < 𝑛 

where Γis the Gamma function, 𝑛 =  𝛼 + 1, and  𝛼 denotes the integer part of number 𝛼, provided the integral 

is pointwise on  𝑎, ∞ . 
Definition 2.3[4] The Caputo fractional derivative of order 𝛼 for a continuous function ℎ ∶  0,∞ → ℝ can be 

written as   

𝐷𝑐 𝛼ℎ 𝑥 = 𝐷𝛼  ℎ 𝑥 −  
𝑥 𝑗

𝑗!
ℎ 𝑗   0 

𝑛−1

𝑗 =0

 ,          𝑥 > 0       𝑛 − 1 < 𝛼 < 𝑛. 

Remark 2.4 If ℎ 𝑥 ∈ 𝐴𝐶𝑛 ( 0, ∞ ,  then 

𝐷𝑐 𝛼ℎ 𝑥 =
1

Γ 𝑛 − 𝛼 
  𝑥 − 𝜎 𝑛−𝛼−1ℎ𝑛 𝜎 𝑑𝜎

𝑥

0

= 𝐼𝑛−𝛼ℎ𝑛 𝑥 ,         𝛼 > 0,     𝑛 − 1 < 𝛼 < 𝑛. 

Lemma 2.5 For a given ℎ ∈ 𝐴𝐶 0,1 , 𝑣 ∈ 𝐴𝐶𝑛 ( 0,1 , ℝ),  the solution of the boundary value problem  

𝐷𝑐 𝛿𝑣 𝑥 = ℎ 𝑥 ,          2 < 𝛿 ≤ 3,                                                                                                                (3) 

𝑣 0 |𝑥=0 = 𝜑 𝑣 ,     𝑣′ (0)|𝑥=0 = 𝜁  𝑣′ 𝜏 
𝜇1

𝜆1

𝑑𝜏,     𝑣(1)|𝑥=0 = 𝜈  𝑣(𝜏)
𝜇2

𝜆2

𝑑𝜏                                         

𝑣 𝑥 =  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏 𝑑𝜏 + 𝜑 𝑣 𝜙3 𝑥 + 𝜙1 𝑥  𝜁    

 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
ℎ 𝜃 𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 
𝑥

0

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
ℎ 𝜃 𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

−  
 1 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏 𝑑𝜏

1

0

           (4) 

where 

𝜗1 = 1 − 𝜁 𝜇1 − 𝜆1 ,     𝜗2 = 1 −
𝜈 𝜇2

2 − 𝜆2
2 

2
,                                                                                     

𝜗3 = 𝜁 𝜇1
2 − 𝜆1

2 ,     𝜗4 = 1 −
𝜈 𝜇2

3 − 𝜆2
3 

3
                                                                                          (5) 

𝜙1 𝑥 =
 𝜗4𝑥 − 𝜗2𝑥2 

𝜗
,     𝜙2 𝑥 =

 𝜗3𝑥 + 𝜗1𝑥
2 

𝜗
,                                                                                         

𝜙3 𝑥 = 1 − 𝜙2 𝑥  1 − 𝜈 𝜇2 − 𝜆2                                                                                                        (6) 

and  

𝜗 = 𝜗1𝜗4 + 𝜗2𝜗3 ≠ 0                                                                                                                                    (7) 

 

Proof : It is well known that the general solution of fractional differential equation (3) can be written as  

𝑣 𝑥 =  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏 𝑑𝜏

𝑥

0

+ 𝑑0 + 𝑑1𝑥 + 𝑑2𝑥
2                                                                                              (8) 

where 𝑑𝑘 ∈ ℝ, 𝑘 = 0,1,2, are arbitrary constants. Using the boundary conditions in (2), we find that 𝑑0 = 𝜑(𝑣) 

and  

𝜗1𝑑1 − 𝜗3𝑑2 = 𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
ℎ 𝜃 𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

                                                                                              (9) 

𝜗2𝑑1 + 𝜗4𝑑2 =    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
ℎ 𝜃 𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

−  
 1 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏 𝑑𝜏

1

0

−  1 − 𝜈 𝜇2 − 𝜆2  𝜑 𝑣     (10) 

where 𝜗1, 𝜗2 , 𝜗3 , 𝜗4 are given by (5), solving the systems (9) and (10) for 𝑑1, 𝑑2  and using (7) we get,  the 

solution of (3) is obtained by substituting the value of 𝑑1 and 𝑑2 in (8), we get (3). This completes the proof. 



International Journal of Latest Engineering and Management Research (IJLEMR) 
ISSN: 2455-4847 
www.ijlemr.com || Volume 02 - Issue 10 || October 2017 || PP. 01-06 

www.ijlemr.com                                                         3 | Page 

Let  𝔔 = {𝑣 ∶ 𝑣 ∈ 𝐶  0,1 ,ℝ } denote the Banach space of all continuous functions from  0,1  into ℝ endowed 

with the usual norm defined by ‖𝑣‖  = sup𝑥∈ 0,1 |𝑣 𝑥 |.In view of lemma 2.5, we define an operator 𝔉 ∶  𝔔 →

𝔔 as 

 𝔊𝑣  𝑥 =  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏, 𝑣 𝜏  𝑑𝜏 + 𝜑 𝑣 𝜙3 𝑥 + 𝜙1 𝑥  𝜁    

 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
ℎ 𝜃, 𝑣 𝜃  𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 
𝑥

0

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
ℎ 𝜃, 𝑣 𝜃  𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

−  
 1 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏, 𝑣 𝜏  𝑑𝜏

1

0

  11  

We see that the system (3) has solutions only if the operator equation 𝑣 = 𝔊𝑣 has fixed points.  

 

III. EXISTENCE RESULTS 
In the sequel, we assume that  

 𝐺1      ℎ ∶  0,1 × ℝ → ℝ is continuous function and there exist constant 𝐾 > 0 such that 

|ℎ 𝑥, 𝑣 − ℎ 𝑥, 𝑢 | ≤ 𝐾‖𝑣 − 𝑢‖,     ∀ 𝑥 ∈  0,1 ,     𝑣, 𝑢 ∈ ℝ . 
 𝐺2      𝜑 ∶ 𝐶  0,1 , ℝ → ℝ is continuous function with 𝜑 0 = 0 and there exist constant 𝑘 > 0 such that 

|𝜑 𝑣 − 𝜑 𝑢 | ≤ 𝑘 ‖𝑣 − 𝑢‖,     ∀ 𝑥 ∈  0,1 ,     𝑣, 𝑢 ∈ 𝐶  0,1 , ℝ  . 
 𝐺3  ℎ 𝑥, 𝑣  ≤ 𝜌 𝑥 ,     ∀  𝑥, 𝑣 ∈  0,1 × ℝ  and 𝜌 ∈ 𝐶  0,1 , ℝ with ‖𝜌‖ = max𝑥∈[0,1] |𝜌(𝑥)| 

For computational convenience, we set 

Δ∗ = 𝐾𝜍 + 𝑘 𝜙 3 ,          Ω∗ = 𝑃𝜍                                                                                                                                 (12) 

where  

𝜍 =
 1 + 𝜙 2 + 𝜙 1𝜁 𝜇1 − 𝜆1 

𝛿

Γ 𝛿 + 1 
+

𝜙 2𝜈 𝜇2 − 𝜆2 
𝛿+1

Γ 𝛿 + 2 
 . 

 

Theorem 3.1Assume that the condition  𝐺1 −  𝐺2  hold. In addition, it is assumed that Δ∗ < 1, where Δ∗ is 

defined by (12). Then there exists atmost one solution for problem (3) on  0,1 . 
 

Proof: Define sup𝑥∈ 0,1 |ℎ 𝑥, 0 | = 𝑃 < ∞. Selecting  𝑟 ≥
Ω∗

1−Δ∗ , we show that 𝔉𝐵𝑟 ⊂ 𝐵𝑟 , where  

‖ 𝔉𝑣  𝑥 ‖ =  sup
𝑥∈ 0,1 

  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏, 𝑣 𝜏  𝑑𝜏 + 𝜑 𝑣 𝜙3 𝑥 

𝑥

0

+ 𝜙1 𝑥  𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
ℎ 𝜃, 𝑣 𝜃  𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
ℎ 𝜃, 𝑣 𝜃  𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

−  
 1 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏, 𝑣 𝜏  𝑑𝜏

1

0

   

                     ≤  sup
𝑥∈ 0,1 

  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
|ℎ 𝜏, 𝑣 𝜏  − ℎ 𝜏, 0 + ℎ 𝜏, 0 |𝑑𝜏 + |𝜑 𝑣 ||𝜙3 𝑥 |

𝑥

0

+ 𝜙1 𝑥  𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
|ℎ 𝜃, 𝑣 𝜃  − ℎ 𝜃, 0 + ℎ 𝜃, 0 |𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
|ℎ 𝜃, 𝑣 𝜃  − ℎ 𝜃, 0 + ℎ 𝜃, 0 |𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

+  
 1 − 𝜏 𝛿−1

Γ 𝛿 
|ℎ 𝜏, 𝑣 𝜏  − ℎ 𝜏, 0 + ℎ 𝜏, 0 |𝑑𝜏

1

0

   

                     ≤  𝐾‖𝑣‖ + 𝑃 sup
𝑥∈ 0,1 

  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
𝑑𝜏 + 𝜙1 𝑥  𝜁    

 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 
𝑥

0

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

+  
 1 − 𝜏 𝛿−1

Γ 𝛿 
𝑑𝜏

1

0

  + 𝑘‖𝑣‖ sup
𝑥∈ 0,1 

|𝜙3 𝑥 | 

≤  𝐾𝑟 + 𝑃  
 1 + 𝜙 2 + 𝜙 1𝜁 𝜇1 − 𝜆1 

𝛿

Γ 𝛿 + 1 
+

𝜙 2𝜈 𝜇2 − 𝜆2 
𝛿+1

Γ 𝛿 + 2 
 + 𝑘𝑟 𝜙 3 

≤  𝐾𝑟 + 𝑃 𝜍 + 𝑘𝑟 𝜙 3 

which means that 𝔉𝐵𝑟 ⊂ 𝐵𝑟 . 
Now, for 𝑣, 𝑢 ∈ 𝐵𝑟 , we obtain 
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‖𝔉𝑣 − 𝔉𝑢‖ ≤  sup
𝑥∈ 0,1 

  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
|ℎ 𝜏, 𝑣 𝜏  − ℎ 𝜏, 𝑢 𝜏  |𝑑𝜏 + |𝜑 𝑣 − 𝜑 𝑢 ||𝜙3 𝑥 |

𝑥

0

+ 𝜙1 𝑥  𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
|ℎ 𝜃, 𝑣 𝜃  − ℎ 𝜃, 𝑢 𝜃  |𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
|ℎ 𝜃, 𝑣 𝜃  − ℎ 𝜃, 𝑢 𝜃  |𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

+  
 1 − 𝜏 𝛿−1

Γ 𝛿 
|ℎ 𝜏, 𝑣 𝜏  − ℎ 𝜏, 𝑢 𝜏  |𝑑𝜏

1

0

   

                                ≤ 𝐾‖𝑣 − 𝑢‖ sup
𝑥∈ 0,1 

   𝑥 − 𝜏 𝛿−1𝑑𝜏 + 𝜙1 𝑥  𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 
𝑥

0

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

+  
 1 − 𝜏 𝛿−1

Γ 𝛿 
𝑑𝜏

1

0

  + 𝑘‖𝑣 − 𝑢‖ sup
𝑥∈ 0,1 

|𝜙3 𝑥 | 

              ≤ Δ∗‖𝑣 − 𝑢‖.                                                                                                                          
Since Δ∗ ∈  0,1  by the given assumption, therefore 𝔉 is a contraction. Hence it follows by Banach fixed point 

theorem that the equation (1) has a unique solution. 

The second existence result is based on Krasnoselskii's fixed point theorem. 

 

Lemma 3.2 Let ℳ be a closed convex and nonempty subset of a Banach space 𝒮. Let 𝔉1, 𝔉2 be the operators 

such that  

(i) 𝔉1𝑣 + 𝔉2𝑢 ∈ ℳ whenever 𝑣, 𝑢 ∈ ℳ; 
(ii) 𝔉1is compact and continuous; 

(iii) 𝔉2is a contraction mapping. Then there exists 𝑤 ∈ ℳ such that 𝑤 = 𝔉1𝑤 + 𝔉2𝑤. 

 

Theorem 3.3 Assume that ℎ ∶  0,1 × ℝ → ℝand 𝜑 ∶ 𝐶  0,1 , ℝ → ℝ  are continuous functions. In addition, 

assume that the condition  𝐺1 −  𝐺3  hold.then the boundary value problem (1) has at least one solution on 
 0,1  if  

𝐾  
𝜙 2 + 𝜙 1𝜁 𝜇1 − 𝜆1 

𝛿

Γ 𝛿 + 1 
+

𝜙 2𝜈 𝜇2 − 𝜆2 
𝛿+1

Γ 𝛿 + 2 
 + 𝑘𝜙 3 < 1                                                               (13) 

Proof: we fix  

𝑟 ≥
𝜍‖𝜌‖

1 − 𝜙3
 

 .                                                                                                                                                 (14) 

Consider 𝐵𝑟 =  𝑣 ∈ 𝔔 ∶ ‖𝑣‖ ≤ 𝑟  . Define the operators 𝔉1and 𝔉2 on 𝐵𝑟  as  

 𝔉1𝑣  𝑥  =    
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏, 𝑣 𝜏  𝑑𝜏

𝑥

0

 

 𝔉2𝑣  𝑥  =   𝜑 𝑣 𝜙3 𝑥 + 𝜙1 𝑥  𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
ℎ 𝜃, 𝑣 𝜃  𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
ℎ 𝜃, 𝑣 𝜃  𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

−  
 1 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏, 𝑣 𝜏  𝑑𝜏

1

0

  

For 𝑣, 𝑢 ∈ 𝐵𝑟 , it follows from (14) that  

‖𝔉𝑣‖  ≤    
 1 + 𝜙 2 + 𝜙 1𝜁 𝜇1 − 𝜆1 

𝛿

Γ 𝛿 + 1 
+

𝜙 2𝜈 𝜇2 − 𝜆2 
𝛿+1

Γ 𝛿 + 2 
 ‖𝜌‖ + ‖𝑣‖𝜙 3 

≤ 𝜍‖𝜌‖ + 𝑟 𝜙 3 ≤ 𝑟  
Thus, 

‖𝔉2𝑣 − 𝔉2𝑢‖ ≤  sup
𝑥∈ 0,1 

 |𝜑 𝑣 − 𝜑 𝑢 ||𝜙3 𝑥 |

+ 𝜙1 𝑥  𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
|ℎ 𝜃, 𝑣 𝜃  − ℎ 𝜃, 𝑢 𝜃  |𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
|ℎ 𝜃, 𝑣 𝜃  − ℎ 𝜃, 𝑢 𝜃  |𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

+  
 1 − 𝜏 𝛿−1

Γ 𝛿 
|ℎ 𝜏, 𝑣 𝜏  − ℎ 𝜏, 𝑢 𝜏  |𝑑𝜏

1

0
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                                ≤ 𝐾‖𝑣 − 𝑢‖ sup
𝑥∈ 0,1 

 𝜙1 𝑥  𝜁    
 𝜏 − 𝜃 𝛿−2

Γ 𝛿 − 1 
𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇1

𝜆1

 

+ 𝜙1 𝑥  𝜈    
 𝜏 − 𝜃 𝛿−1

Γ 𝛿 
𝑑𝜃

𝜏

0

 𝑑𝜏
𝜇2

𝜆2

+  
 1 − 𝜏 𝛿−1

Γ 𝛿 
𝑑𝜏

1

0

  + 𝑘‖𝑣 − 𝑢‖ sup
𝑥∈ 0,1 

|𝜙3 𝑥 | 

              ≤  𝐾  
𝜙 2 + 𝜙 1𝜁 𝜇1 − 𝜆1 

𝛿

Γ 𝛿 + 1 
+

𝜙 2𝜈 𝜇2 − 𝜆2 𝛿+1

Γ 𝛿 + 2 
 + 𝑘𝜙 3 ‖𝑣 − 𝑢‖ 

Thus, it follows that 𝔉2 is a contraction mapping in 𝐵𝑟 . The continuity of ℎ implies that the operator 𝔉1is 

continuous. Also, 𝔉1is uniformly bounded on 𝐵𝑟  as  

‖𝔉𝑣‖ ≤ sup
𝑥∈ 0,1 

  
 𝑥 − 𝜏 𝛿−1

Γ 𝛿 
ℎ 𝜏, 𝑣 𝜏  𝑑𝜏

𝑥

0

 ≤
‖𝜌‖

Γ 𝛿 + 1 
 . 

Next, we prove the compactness of the operator 𝔉1. Let 𝑥1, 𝑥2 ∈  0,1  and setting sup
𝑥∈ 0,1 

 ℎ 𝑥, 𝑣  = ℎ . We have 

 𝔉1 𝑣  𝑥2 − 𝔉1 𝑣  𝑥1  ≤   
 𝑥2 − 𝜏 𝛿−1 −  𝑥1 − 𝜏 𝛿−1

Γ 𝛿 
 ℎ 𝜏, 𝑣 𝜏  𝑑𝜏

𝑥1

0

+  
 𝑥2 − 𝜏 𝛿−1

Γ 𝛿 
 ℎ 𝜏, 𝑣 𝜏  𝑑𝜏

𝑥2

𝑥1

  

≤
ℎ 

Γ 𝛿 + 1 
   𝑥2 − 𝑥1 

𝛿  +  𝑥2
𝛿 − 𝑥1

𝛿    

which is independent of 𝑣 and tends to zero as 𝑥2 → 𝑥1. Thus, 𝔉1 is relatively compact on 𝐵𝑟 . Hence, by the 

Arzela-Ascoli theorem, 𝔉1is compact on 𝐵𝑟 . Thus all assumptions of Lemma 3.2 implies that the boundary 

value problem (1) has at least one solution on  0,1 . This completes the proof.  

 

IV. EXAMPLES 
Example 4.1Consider the following BVP of FDEs given by  

𝐷
7

3𝑐 𝑣 𝑥 =
𝑥

4
+

1

7 𝑥+1 2  
 𝑣 𝑥  

1+ 𝑣 𝑥  
 ,          𝑥 ∈  0,1 ,     2 < 𝛿 ≤ 3,                               (15)  

𝑣 0 =
1

4
tan−1  𝑣  

1

5
  ,     𝑣 ′ 0 =  𝑣′  𝜏 

1

7

1

9

𝑑𝜏,     𝑣(1) =  𝑣 𝜏 

1

2

1

3

𝑑𝜏                     (16) 

Here, 𝛿 =
7

3
, 𝜁 = 1, 𝜈 = 1, 𝜆1 =

1

9
 , 𝜇1 =

1

7
 , 𝜆2 =

1

3
 , 𝜇2 =

1

2
 , ℎ 𝑡, 𝑣 =

𝑥

4
+

1

3 𝑥+1 2  
 𝑣 𝑥  

1+ 𝑣 𝑥  
 , 

 𝜑 𝑣 =
1

4
tan−1  𝑣  

1

5
  . Clearly,we obtain the inequalities  

 ℎ 𝑥, 𝑣 − ℎ 𝑥, 𝑢  ≤
1

6
‖𝑣 − 𝑢‖,    𝜑 𝑣 − 𝜑 𝑢  ≤

1

4
‖𝑣 − 𝑢‖, therefore,  𝐺1 and  𝐺2  are satisfied with 

𝐾 =
1

14
 and =

1

10
 . Besides we deduce 𝜍 ≈ 0.71164, 𝜙1 ≈ 0.020796,𝜙2 ≈ 0.97633,𝜙3 ≈ 0.18639 and  

Δ∗ ≈ 0.16519 < 1. Thus, All conditions of theorem 3.1 are satisfied. Therefore, by theorem 3.1 we conclude 

that system (15) has a unique solution on 𝑥 ∈  0,1 . 
 

V. CONCLUSION 
By the above results it is evident that the existence and uniqueness obeys for a new boundary value 

problem ofnonlinear fractional differential equations supplemented with nonlocal strip integral boundary 

conditions. The results of this paper opens the gateway for the reader with abundant ideas with certain 

appropriate values of the parameters involved in the problem. 
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