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Abstract: Objective of this work was to investigate the existence and uniqueness results for nonlinear lioville-
caputo fractional differential equation with nonlocal strip and multi-point boundary conditions by applying
Banach Fixed point theorem and Krasnoselskii's Fixed point theorem. Main results has been validated by
suitable example.
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I INTRODUCTION

Differential equation of fractional order boundary value problems has been studied by many
researchers in the past few decades and several results are covered from theoretical development to applications
of the subject which can be found in the publications, for instance, see[1-3] and the references therein. The
theory of derivatives and integrals of any arbitrary real or complex order has importance in diverse areas of
mathematical physics and engineering sciences. The advantage of fractional calculus become apparent in
modelling mechanical and electrical properties of real materials as well as in the description of properties of
gases, liquids and in rocks. (see[5,6]). One of the reasons for popularity of the subject is the hereditary property
of fractional order operators that has let to several developments such as sliding more controls of fractional
order chaotic systems[7,8]. We emphasize that the problem involves the study of fractional order system which
includes nonlocal and integral boundary conditions, where the systems are useful in describing physical and
chemical process inside various domain which are not possible in initial and boundary value problems.

S.K.Ntouyas et.al, studied the existence of solutions for fractional differential inclusions with sum and
integral boundary conditions. T.Jankowski have investigated elaborately about boundary problems for fractional
differential equations. Recently, A.Cabada et.al, proposednonlinear fractional differential equations with integral
boundary value conditions. Also, Y.Sun et.al, studied positive solutions for a class of fractional differential
equations with integral boundary conditions. Moreover, J.Deng et.al, analyzed the existence of solutions of
initial value problems for nonlinear fractional differential equations. Finally, B.Ahmad et.al, imposedthe
existence of solutions for nonlinear fractional g-difference integral equations with two fractional orders and
nonlocal four-point boundary conditions

Motivated from the above work, this paper is concerned with the existence and uniqueness results for
the boundary value problem with Lioville-Caputo fractional differential equation using boundary conditions
given by

‘Dév(x) = h(x,v(x)), x€[0,1], 2<6<3, 1)
11
v(0)]yoo = @), V(Mo =7 | v (0)dr,
12 M
VOl =v [ v e @
A2

where D% is the Caputo fractional derivative, h:[0,1] x R? > R and ¢ : C([0,1],R) - R are
continuous functions, provided0 < 2A; < p; <A, <, < 1, v,{ are positive real constants.
The above problem states that the first condition of the value of unknown function at the left terminal(x=0)
becomes nonlocal function. The second condition connects the value of the first derivative of the unknown
function at the left terminal(x=0) and the first strip occupying the interval (1;, 1), whereas the third condition
connects the value of the unknown function at the right terminal, x=1 and the second strip occupying the interval

(AZ' MZ)

The organisation of this paper has some definitions from fractional calculus with auxiliary lemmas.
Existence results for Lioville-Caputo fractional differential equations with nonlocal integral boundary conditions
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are obtained by Banach and Krasnoselskii's Fixed point theorem. The paper concludes with illustrative and valid
example.

1. PRELIMINARIES
Definition 2.1For a continuous function h : (a, ©) — R, the Riemann-Lioville fractional integral of order « is
defined as

X
Rlpap(x) = f (x — 0)* 1h(o)do, x>0, a>0,
a

1
I'(a)
provided the integral is pointwise on (a, ).

Definition 2.2The Riemann-Lioville fractional derivative of order « for a continuous function h(x)is defined by
a\" *

Ripap(x) = —(—) f (x — o) 1h(o)do, a>0, n—1<a<n
Fn—a)\dx/ J,
where Tis the Gamma function, n = [a] + 1, and [a]denotes the integer part of number «, provided the integral
is pointwise on (a, ).
Definition 2.3[4] The Caputo fractional derivative of order « for a continuous function k : [0,0) — R can be
written as

n—1 j

X .
‘D%h(x) = D% h(x)—zj—'h(f)(O) , x>0 n—-1l<a<n

j=0""

Remark 2.4 If h(x) € AC™ ([0, ), then

1 X
‘D%h(x) = 7-[ (x — o) * 1h"(g)do = " *h"(x), a>0, n—-1<a<n.
'n—a)J,

Lemma 2.5 For a given h € AC[0,1],v € AC™([0,1], R), the solution of the boundary value problem
‘Dov(x) = h(x), 2<6<3, 3)

’ o 12
2(O)]eco = 9), ¥ (O)lemo = f V(@ dr, v(Dlemo = v f v(7) de
A1 A2

X _ 6—1 U1 T -0 52
o(x) = f B L dr+ 0) () + 1 () [( L ( f uh(@)d@)dr]
0 0

r(s) . r@-1u
U2 T ) 5—-1 1 1— 5—-1
+ ¢, (x) [vj (J %h(@)d@) d‘[—j %h(r)dr] 4
1y 0 0
where
2 _ 92
U =1-q(u — A1), O, = 1—1/(1122—/12),
3 _ 13
9 =¢ui—AD), G =1 —”(“23—2) (5)
— 2 2
pi0 = DEZIED g (1 2 DX 200,
. P3(x) =1 =, (0)[1 = v, — )] (6)
an
9 =00, +9,9; #0 7

Proof : It is well known that the general solution of fractional differential equation (3) can be written as
X(x—1 5—1
v(x) = f %h(t)dr +dy + dyx + dyx? @)
0
where d;, € R, k = 0,1,2, are arbitrary constants. Using the boundary conditions in (2), we find that dy = @(v)
and

" T(T_9)6—2 >
91dy —93d, = ————h(0)do6 |d 9
141 3d2 (M(for(d_l) ) T €C))
1(1_.[)5—1

Iy T .y 5—1
9,d;y + 9,4d, =L ( : %h(@)d@) dr—fo Wh(r)dr— (1—v(uy —2))p() (10)

where 9;,9,,93,9,are given by (5), solving the systems (9) and (10) for d;,d, and using (7) we get, the
solution of (3) is obtained by substituting the value of d; and d, in (8), we get (3). This completes the proof.
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Let Q= {v:v e C([0,1],R)} denote the Banach space of all continuous functions from [0,1] into R endowed
with the usual norm defined by |[v|| = supyefo,17 [v(x)].In view of lemma 2.5, we define an operator § : Q —

Qas
1 T 52
’ (f (F(6 2 h(, v(G))dG)dr]
1 0
U T (T _ 9)6—1 ) 1 (1 _ T)(S 1 ]
————h(6,v(0))do |dt — | ———=—h(x, dr|(11
oo [ ([ Egn.0o)as Jar - [ Sri—hmv)ar] an

We see that the system (3) has solutions only if the operator equation v = Gv has fixed points.

T)E—l

06 = [ DA v @)+ ) + i ¢
0

1. EXISTENCE RESULTS

In the sequel, we assume that

(Gy) h:[0,1] x R - R is continuous function and there exist constant K > 0 such that
|h(x,v) —h(x,w)| < K|lv—u|, Vx€[01], vue€R.
(Gy) ¢ :C([0,1],R) - R is continuous function with ¢(0) = 0 and there exist constant k > 0 such that
lo(w) —p@)| <kl|v—u|, vxe€[01], vuec(0,1],R).

(G)Ih(x, )| < p(x), V(x,v) € [0,1] xR and p € C([0,1], R)with [|pll = max,ejo1) |p(x)]
For computational convenience, we set

A =Kg+k s, Q" = Pg (12)
where

_ (1+¢2) + 10 — )% vy, — 2)°

a r(s+1) r'(s+2)

Theorem 3.1Assume that the condition (G;) — (G,) hold. In addition, it is assumed that A* < 1, where A* is
defined by (12). Then there exists atmost one solution for problem (3) on [0,1].

Proof: Define sup,.cjo 17 |h(x,0)| = P < oo. Selecting 7 > 1?—;* , we show that §B; c B, where

j (x _ T)B 1
vl T TG

[ u1 ‘[(.L._ )6 2
+h@|c ) ( | e vw))de) ]

[ us T( _9)6 1 (1 )5 1
+ ¢p1(x) _VL (fo TlﬂTh(@,v(B))d9> f I‘(S) h(‘r,v(r))dt]

2

(&) (Ol ——=—h(7,v(x))dr + p(V) 3 (x)

5—1
= em{f . r(?) |h(z,v(®) = h(z,0) + h(z, 0)|d7 + |p(¥)]I$3(x)]

[ u1 T (T -0 52
+ ¢ (x)[¢ (J T |h(6,v(8)) — h(6,0) + h(8, 0)|d9) dt]
L 0

A1

[ U2 r( _ 9)6—1
+ ¢ (x) _v LZ (fo TFT |n(8,v(8)) — h(8,0) + h(8, 0)|d9) dt

1(1 = 7)8-1 ]}
——|h(7, — h(z7,0 h(z,0)|d
+ l(w?)) )5(: o o
*(x—1)°" 1/ " (t—0)°"
<(K||v||+P)le[10p1 {J; T dt + ¢1(x) ZLl (0 To-1 d@)dr]

(1 — )51 1(1 = g)s-1
+ ¢p1(x) [v LZ <f0 Wd@) dt +f0 T(S)dr]} + k||"||x21[10%]|¢3(x)|

(1 + ¢A>2) + P10 — 1% Pov(uy — 2,)°H o
T +1) (5 +2) ] AL
< (K? + P)¢ + ki

S(KHP)[

which means that §B; c By.
Now, for v,u € B;, we obtain
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o -l < sup { [ ("F((S) Ih(r,v(0)) = A u@)lde +1p(0) ~ 9@Iga )

x€[0,1]

+ ¢y (x) [z ( Tﬂm(e v(6)) — h(6 u(@))|d9> dr]
! i \Jo T(6-1) ’ ’

Iy r( _9)5—1
+ ¢1(x) [v LZ (fo TFTm(e,v(e)) - h(e,u(e))|d9> dt

1(1 — 1)6-1
+f %Ih(nv(r)) - h(r,u(r))|dr]}
0

r(.[_g)a—z
< Kllv—ullxiltpl]U (x = )%~ ldt + 1 (x) [C ( | mw) dT]

(T—H)B 1 1(1 )6—1
+ pu(x) [va2 (0 Wde)dr+fo Wdr]}+kIIv—uIIxsel[l()g]|¢3(x)|

< Alv —ull.
Since A* € (0,1) by the given assumption, therefore & is a contraction. Hence it follows by Banach fixed point
theorem that the equation (1) has a unique solution.
The second existence result is based on Krasnoselskii's fixed point theorem.

Lemma 3.2 Let M be a closed convex and nonempty subset of a Banach space §. Let &, &, be the operators
such that

(i) F1v + Fu € M whenever v, u € M;;

(i) &1is compact and continuous;

(iii) &,is a contraction mapping. Then there exists w € M such that w = Fw + §,w.

Theorem 3.3 Assume that 4 : [0,1] X R - Rand ¢ : C([0,1],R) —» R are continuous functions. In addition,
assume that the condition (G;) — (G3) hold.then the boundary value problem (1) has at least one solution on

[0,1] if

G+ P10 —41)° Pyvluy — 2,)°*1 .
( I+ 1) r( +2) ) Tkes <1 (13)
Proof: we fix
> f!pal)lz . (14)

Consider B, = {v € Q : ||v|| < #}. Define the operators &;and &, on B; as
(X )6—1
G = f e h(rv)dr
il
o T(6-1)

r (T _ )6 1 ( )6 1
+ ¢ (x) [ L ( o) ~——=—h(6, v(H))dH) f TG ~——~—nh(r,v(r))dr
For v,u € By, it follows from (14) that

1+ ,) + B10(t —2)°  $yvluy — )0+ .
3wl < [( +¢2)rt5¢f1(§11 ) +¢’2”§‘Eg+;}) ]||p||+||v||¢3

<¢llpll + f¢3 < 7

u1
&) = eW)d3(x) + ¢1(x) [{ < h(e v(e))de) d‘r]

Thus,
1§,v — ull < le[tpl]{lco(ﬂ - <p(u)ll¢3(x)l
#1 (r —
h(e,v(o h(6,u(8))|de
+</>1(x)[€ (0 F(@ 5) I( v(6)) — h(6,u(8))] ) ]
9 1
f (f (t r(d)) |h(9,v(9))—h(e,u(e))|d9>dr

1 _ 6 1
[ 2 o) - e

+ ¢1(x)
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u1 T (T _ 6)6—2
<ato = fo e ([ =gy 0)

1

U T(T—9)6_1 1(1_T)5—1
+ ¢ (x) VLZ ( i T(s)de) dt +f0 Wdt]} + k|lv— u”xseﬁ)%]l%(x)l
Go + P13 — 11)° Py, — 1)1 .
= K( (s +1) (s +2) >+k¢3] o =ull

Thus, it follows that &, is a contraction mapping in B;. The continuity of h implies that the operator &;is
continuous. Also, &;is uniformly bounded on B; as

(x — 7)1 ol
Igvll < sup U Ty MEvm)d } *Te+D

Next, we prove the compactness of the operator ;. Let x;,x, € [0,1] and setting sup |h(x,v)| = h. We have
x€[0,1]

1T (1) (x2) = F1 (W) (x| <

=)0 = (g -0t 2 (o, — 7)°1
J; NG) h(r,v(1))dr + jxl TG h(z,v(x))dr

A
< m“(xz —x)%| + [ — xf|]

which is independent of v and tends to zero as x, — x;. Thus, &; is relatively compact on B;. Hence, by the
Arzela-Ascoli theorem, &, is compact on B,. Thus all assumptions of Lemma 3.2 implies that the boundary
value problem (1) has at least one solution on [0,1]. This completes the proof.

V. EXAMPLES
Example 4. 1Consider the foIIowing BVP of FDEs given by
c _x [v(x)|
Div(x) = Tt (1+|v w), xe [01], 2<6< 3; (15)
1 1 , 7, 2
v(0) = Ztan‘1 (v <§)>, v (0) = jjv (t)dr, v(1) = .sz(r) dt (16)
: 1

Here5=z(=lv=l,11=%,u1=7,lz=§,u2 h(tv)__+

1

[v ()l
3(x+1)2 (1+|v(x)|)'

o) = —tan 1 ( ( )) Clearly,we obtain the inequalities

|h(x,v) —

h(x,u)| < %Ilv —ull, lp(w) —p)| < illv — ul|, therefore, (G;)and (G,) are satisfied with

K = ——and = . Besides we deduce ¢ ~ 0.71164,¢; ~ 0.020796,¢, ~ 0.97633,¢5 ~ 0.18639 and

A* =~ 0.16519 < 1. Thus, All conditions of theorem 3.1 are satisfied. Therefore, by theorem 3.1 we conclude
that system (15) has a unique solution on x € [0,1].

V. CONCLUSION
By the above results it is evident that the existence and uniqueness obeys for a new boundary value

problem ofnonlinear fractional differential equations supplemented with nonlocal strip integral boundary
conditions. The results of this paper opens the gateway for the reader with abundant ideas with certain
appropriate values of the parameters involved in the problem.
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