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Abstract: Rainbows have fascinated humanity for centuries, inspiring scientific inquiry into their formation
and properties. This paper explores the mathematical principles underlying the formation of primary and
secondary rainbows using Snell’s Law and geometric optics. We derive the angle of deviation for sunlight
refracted through raindrops and explain the formation of multiple rainbow arcs. Additionally, we investigate the
role of dispersion in color separation and examine observational data supporting theoretical predictions. The
implications of this study extend to atmospheric optics, meteorology, and visual perception of natural
phenomena.
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1. Introduction
Rainbows are a common atmospheric phenomenon that occurs when sunlight interacts with raindrops.
The scientific understanding of rainbows dates back to Aristotle, with significant contributions from Descartes
and Newton. This paper aims to provide a rigorous mathematical treatment of rainbow formation by applying
Snell’s Law and geometric optics principles. We explore the formation of both primary and secondary rainbows,
the influence of dispersion on color separation, and the implications for observational meteorology.

2. Theoretical Background
2.1. Snell’s Law and Refraction
When light enters a raindrop, it undergoes refraction due to the difference in refractive indices between
air and water. Snell’s Law governs this process:
nysina = n, sinf
Where n; and n, are the refractive indices of air and water, respectively, a and B are the angles of
incidence and refraction.
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Fig 1. Refraction and reflection of light in a raindrop

2.2. Internal Reflection and Deviation Angle
Inside the raindrop, light reflects off the inner surface before exiting at another refracted angle. The total
deviation angle D(a) quantifies the net change in direction of the light ray. For a single internal reflection
(primary rainbow), this is given by:
D@)=(@—-B)+@—-2B)+ (a—pB) =rn+2a—4p.
For a secondary rainbow, which involves two internal reflections, the formula is:
D(a) =2a—-68+ 27
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Fig 2. Formation of the primary rainbow

Example: A ray of sunlight enters a raindrop at an angle « with respect to the normal to the surface. Due
to the change in medium (from air to water), the light ray bends towards the normal according to Snell’s Law.

Internal Reflection: After refraction, the light ray travels inside the raindrop and reaches the opposite
side. At this interface, part of the light exits the droplet, while another portion is reflected internally due to total
internal reflection, depending on the angle of incidence.

Second Refraction and Deviation Angle: The internally reflected ray exits the droplet, undergoing a
second refraction as it moves from water back to air:

nysina = n, sin B

where n; = 1.0 (refractive index of air) and n, ~ 1.33 (refractive index of water).

The total angular deviation D(a) of the ray determines the observed rainbow angle. The minimum
deviation occurs when a ~ 59.4°, leading to a rainbow angle of 42° for red light.

3. Mathematical Formulation
To determine the observable rainbow angle, we find the minimum deviation of D(a) by differentiating
and solving for the critical points. The minimum deviation for the primary rainbow occurs at:

a = 59.4° D, = 138°
For the secondary rainbow:

a=72° Dy, = 129°
The resulting angles of elevation above the horizon are:
Primary rainbow: 180° — 138° = 42°
Secondary rainbow: 180° — 129° = 51°

Example: While the primary rainbow results from light undergoing one internal reflection inside a
raindrop, the secondary rainbow forms when light undergoes two internal reflections before exiting the raindrop.
This additional reflection causes the secondary rainbow to appear above the primary rainbow and with its colors
reversed.

Incident Ray and First Refraction: Sunlight enters a raindrop at an angle a. As in the primary rainbow,
the light refracts towards the normal due to Snell’s Law, bending inside the drop.

Two Internal Reflections: Instead of exiting after one reflection, the light reflects twice inside the
raindrop. Each reflection causes the light to deviate further from its original path.

Final Refraction and Deviation Angle: After the second internal reflection, the light exits the droplet,
refracting again as it moves from water back to air. The total angular deviation is greater than that of the primary
rainbow. The minimum deviation angle for the secondary rainbow is about 129°, leading to an observed
rainbow angle of 51°.

Color Reversal: Due to the extra reflection, the colors in the secondary rainbow appear in reverse order
compared to the primary rainbow-red appears on the inner edge and violet on the outer edge.
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Fig 3.The process of secondary rainbow formation, with light rays refracting, undergoing two internal
reflections inside a raindrop, and the phenomenon of color reversal

4. Primary Rainbow Formation

The primary rainbow is formed by light entering the raindrop, undergoing one internal reflection, and
exiting. The concentration of rays near the minimum deviation angle results in a bright arc. Due to dispersion,
shorter wavelengths (blue/violet) are refracted more than longer wavelengths (red), leading to color separation.

Example: A key characteristic of the secondary rainbow is that its color sequence appears in the opposite
order compared to the primary rainbow. This reversal occurs due to the additional internal reflection inside the
raindrop.

Primary Rainbow Formation (One Reflection): In the primary rainbow, light undergoes one internal
reflection inside the raindrop. Red light is deviated the least and appears on the outer edge, while violet light is
deviated the most and appears on the inner edge.

Secondary Rainbow Formation (Two Reflections): In the secondary rainbow, light undergoes two
internal reflections before exiting the raindrop. This extra reflection inverts the order of colors: Violet light,
which was on the inner edge of the primary rainbow, now appears on the outer edge of the secondary rainbow.
Red light, previously on the outer edge, now appears on the inner edge.

Angular Separation and Color Dispersion: The secondary rainbow is fainter because more light is lost
due to additional reflections inside the droplet. The secondary rainbow has a larger angular radius (~51°) than
the primary rainbow (~42°), which makes it appear higher in the sky.
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Fig 4. The formation process of the primary and secondary rainbows
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5. Secondary Rainbow Formation

The secondary rainbow arises from light that undergoes two internal reflections before exiting. This
additional reflection inverts the color order, with red appearing on the inner edge and violet on the outer edge.
The secondary rainbow is fainter due to energy loss from additional reflections.

Example: Dispersion plays a crucial role in the formation of rainbows by separating white sunlight into
its component colors. This occurs because different wavelengths of light refract at slightly different angles when
passing through water droplets.

White Light and Refraction: Sunlight is composed of multiple wavelengths, each corresponding to a
different color. When light enters a raindrop, each wavelength refracts at a different angle according to Snell’s
Law.

Variation in Refractive Index: The refractive index of water is higher for shorter wavelengths (blue and
violet light) and lower for longer wavelengths (red light). This means that violet light bends more than red light
when entering and exiting the droplet.

Color Separation and Rainbow Formation: Because of this dispersion effect, light exiting the raindrop
spreads out into its constituent colors, creating a rainbow. The primary rainbow shows red on the outer edge and
violet on the inner edge, with other colors in between. The secondary rainbow, due to the extra internal
reflection, exhibits a reversed color sequence.

Real-Life Observation: On a rainy day, when the sun reappears, you can see that the colors in a rainbow
are always in the same order due to this dispersion process. The brightness and sharpness of a rainbow depend

on the number of light rays that undergo the correct refraction and reflection angles.
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Fig 5. The role of dispersion in the process of rainbow formation

6. Color Dispersion and Refractive Index

Newton’s experiments in 1666 showed that the refractive index of water varies with wavelength, a
phenomenon known as dispersion. Approximate values are:

Red light: n = 1.3318.

Violet light: n = 1.3435.

By substituting these values into our calculations, we find that the rainbow angles vary slightly for
different colors:

Red bow: 42.3°.

Violet bow: 40.6°.

Example: Raindrop size plays a significant role in determining the brightness, sharpness, and color
distribution of a rainbow. Larger and smaller droplets interact with light differently, producing variations in the
appearance of the rainbow.

Large Droplets (Diameter =~ 1 mm or larger): Produce brighter and more vivid rainbows. The color bands
appear sharply defined, with more noticeable separation between red and violet. Commonly observed in
thunderstorms, where larger raindrops are present.
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Small Droplets (Diameter ~ 0.1 mm or smaller): Create fainter and less distinct rainbows. The colors
appear more blended, sometimes giving the rainbow a whitish or pastel appearance. Found in mist, fog, or light
drizzles.

Super Small Droplets (Fogbows or White Rainbows): In fog or very fine mist, the raindrops are
extremely small, and diffraction dominates over refraction. This results in a pale, nearly white rainbow known
as a fogbow. Unlike regular rainbows, fogbows lack strong color separation because small droplets scatter light
more uniformly.

Real-Life Observation: After a heavy rainstorm, rainbows tend to be more vibrant due to larger
raindrops. In contrast, rainbows seen over waterfalls or foggy landscapes appear less defined due to smaller
droplets.

The effect of raindops on rainbow appeance.
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Fig 6. The influence of raindrop size on the appearance of a rainbow

7. Experimental and Observational Analysis

Observations confirm that rainbows appear at the predicted angles. Digital imaging and spectrometry
reveal the dispersion of colors, supporting theoretical predictions. Experiments using artificial water droplets
demonstrate the dependence of rainbow angles on droplet size and refractive index.

Example: The appearance and position of a rainbow depend significantly on the observer’s viewing
angle relative to the sun and raindrops. This effect explains why rainbows appear differently depending on the
observer’s location and the time of the day.

Standard Rainbow Observation (42° Angle): A primary rainbow is typically seen when the observer
looks at an angle of about 42° from the shadow of their head (antisolar point). The higher the sun is in the sky,
the lower the rainbow appears. Conversely, when the sun is low (e.g., early morning or late afternoon), the
rainbow appears higher.

From an Airplane or High Altitude: If an observer is above the ground, such as in an airplane or on a
mountain, they might see a full-circle rainbow instead of a semicircular one. This happens because there are no
ground obstructions, allowing the complete 360° arc to form.

Reflection Rainbows: Sometimes, a second, fainter rainbow appears below the main one, reflected from a
body of water. These reflection rainbows occur when sunlight bounces off a lake or ocean before entering
raindrops.

Rainbow Appearance in Different Locations: On flat land: Rainbows appear with a clear arc above the
horizon. Near waterfalls or misty areas: Multiple small rainbows can form due to light scattering from water
droplets. In urban areas: Buildings and structures can block part of therainbow, making only fragments visible.
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Fig 7. The influence of viewing angle on rainbow observation

8. Applications and Implications

Understanding rainbow formation has applications in meteorology, optics, and even remote sensing.
Atmospheric conditions such as droplet size distribution affect rainbow brightness and structure. Additionally,
the study of optical dispersion aids in developing advanced optical materials and technologies.

Example: Light scattered by raindrops to form a rainbow is partially polarized. This effect can be
observed using polarized sunglasses or a polarizing filter.

Observing a Rainbow with Polarized Sunglasses: When looking at a rainbow through polarized
sunglasses, the brightness of the rainbow changes depending on the rotation of the glasses. At a specific angle,
the rainbow can appear more vivid, and at another angle, it may almost disappear. This is because light in the
rainbow is highly polarized, especially at 90° to the incoming sunlight.

Photography with a Polarizing Filter: Professional photographers use polarizing filters to enhance the
contrast of a rainbow in images. By rotating the filter, they can selectively block out scattered light, making the
colors more distinct.

Sky Darkening Effect: A polarized rainbow is often accompanied by a darker sky just inside the primary
bow. This is due to the way light is scattered, leaving a noticeable brightness differencebetween the inside and
outside of the arc.
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Fig 8. How polarization affects rainbow visibility A

9. Conclusion
This paper presents a detailed mathematical analysis of primary and secondary rainbows using geometric

optics and Snell’s Law. The derivations confirm that primary rainbows form at 42°, while secondary rainbows
appear at 51°, with reversed color order. The phenomenon of dispersion explains color separation, and
experimental data support theoretical predictions. Future research may explore higher-order rainbows and their
implications in atmospheric optics.
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